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Chapter 1

Introduction and overview

1.1 Global perspectives

1.1.1 History of quantum computation and quantum information

1.1.2 Future directions

1.2 Quantum bits

1.2.1 Multiple qubits

1.3 Quantum computation

1.3.1 Single qubit gates

1.3.2 Multiple qubit gates

1.3.3 Measurements in bases other than the computational basis
1.3.4 Qubit copying circuit?

1.3.5 Example: quantum teleportation
1.4 Quantum algorithms

1.4.1 Classical computations on a quantum computer

We can simulate a classical logic circuit using a quantum circuit. (. classical world C quantum world)

Q-circuit cannot be used to directly simulate classical circuit, because unitary Q logic gates are inherently reversible,
whereas many classical logic gates are inherently irreversible. eg) NAND gate



V Classical circuit can be replaced by an equivalent circuit containing only reversible elements, by making use of a
reversible gate like Toffoli gate.

Inputs Outputs

a b cla UV a a

0 0 00 0 O

0 0 1|0 0 1

01 0j0 1 O

0o 1 1,0 1 1 b b

1 0 01 0 O

1 0 1(1 0 1

Ll 9 cab

« Toffoli gate has 3 input bits ( 2 control bits & 1 target bit) and 3 output bits.

T(a,b,c) = (a,b,c ® ab)

+ Toffoli gate is reversible.

+ NAND gate can be simulated by the Toffoli gate.

1 & 1 & ab = —(ab)
+ FANOUT gate can be simulated by the Toffoli gate. FANOUT =T (1,a,0)=(1,a,a)

1 1
a a
0 o 0

* V classical gate can be simulated using NAND & FANOUT gates.

« Toffoli gate has been described as a classical gate,
but can also be implemented as a Q logic gate.
can be represented as a 8x8 unitary mat U.
is a legitimate Q gate

+ The Q-Toffoli gate can be used to simulate irreversible classical logic gates.

+ Q computers are capable of performing any computation which a classical computer may do and
has ability to efficiently simulate a non-deterministic classical computer.



1.4.2 Quantum parallelism

Q parallelism is a fundamental feature of many Q algorithms.
Q parallelism allows Q computers to evaluate a function f(x) for many different values of x simultaneously.
Suppose f(x) : {0,1} — {0,1} is a functioin with a 1-bit domain & range.

Two qubit Q-computerr computing f(x) : A convenient way of computing f(x) on a Q computer

|, y) = |@,y ® f(x))

where, x is data register and y is target register. If y = 0, then the final state of the second qubit is just the value

f(@).
Usle,y) = |z, y ® f(2))

where, Uy is unitary transformation.

Us )
0) —y yofla)—

eg) Q-cct evaluating f(0) & f(1) simultaneously.
Uy is the Q-circuit which takes input like |z, y) to |,y & f(z))

If data register is prepared in the superposition f(0) = (|0) + |1))/v/2, which can be created with a Hadamard gate
acting on |0)

0) +[1) }
Ur[H(]0)),]0)] = U ,10
st don = vy [P o
|0, £(0)) +[1, f(1))
V2
It is almost as if we have evaluated f(x) for two values of x simultaneously. A single f(x) circuit evaluate f(x) for

multiple values of x simultaneously by exploiting the ability of a Q computer to be in superposition of different
states.

This procedure can be easily generalized to ftns on arbitrary # of bits, by using Hadamard transform : n Hadamard
gates acting in parallel on n qubits.

H(O)H(0) = (|0>¢+§|1>> <0>\%|1>>
|00) + 101) + [10) + [1)

2

For example, n = 2

More generally,

1
H®”|O...O>:W;\x>



Hadamard transform produces an equal superposition of all computational basis states and does it extremely effi-
ciently, producing a superposition of 2" states using just n gates.

Q computation requires the ability to extract information about more than one value of f(x) from superposition

states like > |z, f(x))

1.4.3 Deutsch’s algorithm

Deutsch’s algorithm combines Q-parallelism with interference.

’0> H x T H —

1) Hi—y y®fla)——

o) = [01)
1) = Hl)
= [H(0),H(1))

_ {I0>J§|1>] [0>\/§1>]

Applying Uy to the state |z)(]0) — |1))/v/2

0) -1 e f@) - e f)
B { I if f(x) =0
— |zl if f(z) =1
= (D))=
o) = Usltr)

B 10) +11)7 [10) = 1)

- Uf{ ) H NG ]

(— 1

{(_1)1”(0)0\% 1)7M11) }{ ]

- (—1)7© \0>j§\1 ﬁjl if £(0) = f(1)
- (—1)F©) |0>\;§|1> |0>ﬁ\1> if f(0)# f(1)=f0)®1

= (-1)/© [OH( 1)/ O@/( 1’IU} {I0>ﬁ|1>}
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(1O Rl if £(0) = f(1)
IR GV if £(0) = f(1) # f(0) & 1
o 10— 1)

= /e sy | L]

Q-circuit can determine a global property of f(z), namely f(0) & f(1), using only one evaluation of f(x).

Possible for two alternatives to interfere with one another to yield some global property of f by using sth like H-gate
to recombine the different alternatives.

A clever choice of function & final transform allows efficient determination of useful global information about the
function.

1.4.4 The Deutsch-Jozsa algorithm

Deutsch’s problem

Alice selects a # x from 0 to 2n — 1, & mail it in a letter to Bob.

Bob calculates some ftn f(x) & replies with the result, which is either 0 or 1. Bob has promised to use a function
f which is one of two kinds; constant or balanced ftn. Alice’s goal is to determine with certainty what ftn Bob has
used.

How fast can she succeed? If Alice & Bob were able to exchange qubit, & if B agreed to calculate f(x) using Uy, then
A could achieve her goal in just one correspondence with B, using D-J algorithm.

’O} /’ H®n x T HO—
Uy

1) Hi—y y®fla)——

1 1 1 1
Po)  [1) [2)  93)

o) = [0)2")1)
B 2 T10) - [
) = wegayzvan[ 72 ]

The query register is now a superposition of all values

[Y2) = Uslgn)
[fG%}”] var o V2



0) £ 1)

Hlz) = —/———+ x = Oorl
V2
vz |2)
-y el
[z€{0,1}7] \/E
H®n|$1 R > = Em,...,zn(_1)IIZI+W+I7LZ" 217"'72n>
bl b n \/27
—1)z=
pory ~ elU7)
4/271
[vs) = H®"W2>

- ZZ “”(ml ) [|O>¢§l>]

where, > _(—1)7(*) /2" is the amplitude for the state |0)®"
If f is const, > (—1)f(®) /27 is £1, depending on the const value of f(z).
An observation will yield zeros for all qubit in the query system. (. {(¢3]1)3) = 1)

If f is balanced, >, (—1)/(®) /27 is 0 (+ & - contribution to 3" (—1)7(*) /2" cancel). Alice’s measure must yield a
result other than 0 on at least one qubit in the query register.

D-]J algo contains the seeds for more impressive Q-algorithm.

1.4.5 Quantum algorithms summarized

The Deutsch-Jozsa algorithm suggests that quantum computers may be capable of solving some computational
problems much more efficiently than classical computers. Three classes of quantum algorithms which provide an
advantage over known classical algorithms

1. Quantum versions of Fourier transformation

2. Quantum search algrithms

3. Quantum simulations

Quantum algorithm based upon the Fourier transform

The descrete Fourier transform is usually described as trasforming a set xy, ...,z y_1 of N complex numbers into
a set of complex numbers yy, . . ., yy—_1 defined by

e = T NZ 7r7,jk/N
7=0

The Hadamard transformation used in D-] algorithm is an example of this generalized class of F-transformation.
Moreover, many of the other important quantum algorithms also involve some type of Fourier trasformation.

eg) Shor’s fast algorithms for factoring and discrete logarithm

Imagine that we define a lineartransformation U on n qubits by its actioin on computational basis states |j), where
0<j<2m—1,

2" —1

1 ik om

U‘]) — E e27rzjk/2 |k>
V2" k=0
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Moreover, if we write out its action on superpositions,

2" —1 2" —1 (2" -1 2" —1

1 L1 rom
U ali = <= Iy | k) = 3 el

Deutsch-Jozsa algorithm, Shor’s algorithms for factoring and discrete logarithm.
Classical(FFT) : n2" steps
Quantum computer : n? steps

However, that is not exactly the case; the Fourier transformation is being performed on the “hidden” in the collapse
amplitude of the quantum state.

Quantum search of given size N Classical : N operations Quantum computer : v/ N operations

Q simulation simulate a Q system

The power of quantum computation
The power of quantum computer is not yet verified. (a few example exits)
Computational complexity theory : the subject of classifying the difficulty of various computational problems

A complexity class : a collection of computational problems, all of which share some common feature with respect
to the computational resources needed to solve those problems.

P The class of computational problems that can be solved quickly on a classical computer.
NP The class of problems which have solutions which can be quickly checked on a classical computer.
NP-complete An important subclass of NP problems

+ There are many important problems that known to be NP-complete.

+ Any given NP-complete problem is in some sense ‘at least as hard’ as all other problems in NP. So, an
algorithm to solve a specific NP-complete problem can be adapted to solve any other problem in NP,
with small overhead.

P is a subset of NP. What is not so clear is whether or not there are problems inNP that are not in P.

If P # NP, then it will follow that no NP-complete problem can be efficiently solved on a classical computer

Factoring is not known to be NP-complete, and it can be solved using quantum algorithm through quantum paral-

lelism - quantum computation is expected to solve other NP problems.

PSPACE Problems which can be solved using resources which are few in spatial size, but not necessarily in time.
PSPACE is believed to be strictly larger than both P and NP

BPP The class of problems that can be solved using randomized algorithms in polynomial time, BPP is widely
regarded as being the class of problems which should be considered efficiently soluble on a classical computer.

What of quantum complexity classes?

BQP : The class of all computational problems which can be solved efficiently on a quantum computer, where a
bounded probability of error is allowed.

Exactly where BQP fits with respect to P, NP and PSPACE is as yet unknown.
BQP may be somewhere between P and PSPACE

11



1.5 Experimental quantum information processing

1.5.1 The Stern-Gerlach experiment

SG-experiment provides the evidence for the existence of qubit structure in Nature, that is, two level Q system.
Conceived by Stern in 1921 & performed by Gerlach in 1922.

Hot silver atoms were beamed from an oven through a B-field : The original exp.
Hot hydrogen atoms are : Abstract schematic exp

A continuous distribution of atoms at all angles from the SG device was expected: the atoms are deflected by an
amount that depends on atom’s m, (the orig. exp.)

m is quantized : Atoms were emerged to a discrete set of angles.
m, of hydrogen atom related to orbital angular momentum = 0. Only 1 beam of atoms, No deflection was expected
Instead, Two beams were seen : One is deflected up by the B field, the other is down.

This puzzling doubling was explained by considering spin

+ Not in any way associated to the usual rot motion of the el around the proton.
+ An entirely new quantity to be associated with an electron.

» make an extra contribution to the m of a H-atom.

S + E +
| | | SN > |+2>

| oven |---------—-—--- >| Z |

| | | — > 1-2>

E + E +

oo - + [ PP + | +Z> [ S +  |+X> Ao +

I I I | === > R >| [---> [+Z>
| oven [----- >| Z I I X I I Z I

| | | | —->1] | |-->[1 | |---> |-2>
[ + P + | -Z> [ + |-X> A +

Fig. 1.22 Fig. 1.24.
qubit model provides a simple explanation of this experimentally observed behavior. predicts results from the
cascaded SG-exp.

qubit could be a believable way of modeling sys in Nature. turned out to be a correct way of understanding el spin.

1.5.2 Prospects for practical quantum information processing

Will we rise to meet the challenge, building quantum information devices?

It is possible at all?

Is it worth attempting?

Whether there is any point of principle that prohibits us from doing Q-information processing?
Two possibilities:

1. Noise may place a fundamental barrier to useful Q-inf processing.

12



2. QM may fail to be correct.

For noise, Q error-correction theory strongly suggests that
while Q noise is a practical problem that needs to be addressed,
it does not present a fundamental problem of principle

Threshold Theorem :

+ If the level of noise in a Q-computer can be reduced below a certain const threshold value,
Q error correcting codes can be used to push it down even further,
essentially ad infinitum, for a small overhead in the complexity of the computation

+ Threshold Theorem makes some broad assumptions about the nature & magnitude of the noise occuring in a
Q computer & the architecture available for performing Q-computation.

« If the assumptions are satisfied, the effect of noise can be made essentially negligible for Q information pro-
cessing.

We assume that QM is a complete & correct description of the world.
There’s no fundamental obstacle to building quantum information processing devices.

However, It is fair to say that a clearer picture of the relative power of quantum and classical information processing
is needed in order to assess their relative merits

Many small scale applications on Q-computation & Q-information are known.

+ Q state tomography & Q process tomography are two elementary process whose perfection is of great impor-
tance to Q-computation & Q-information.

- Q state tomography : A method for determining the Q state of a sys.
The hidden nature of the Q-state has to be overcome by performing repeated preparations of the same
description of the Q-state.

- Q process tomography : Intend to completely characterize the dynamics of a Q-system.
can be used to characterize the performance of an alleged Q gate or Q comm channel, or to determine
the types & magnitudes of different noise process in a sys.

+ Q cryptography is likely to be useful in practical applications involving the distribution of small amount of
key material that needs to be highly secure.

+ Q teleportation may be an extremely useful primitive for transmitting Q-states between distant nodes in a
network.
Distributing EPRs between the nodes has been focussed.
Special entanglement distillation protocols can be used to clean up the EPR pairs which was corrupted during
communication enables EPR pairs to be used to teleport Q-sts from one location to another.

Other applications, like quantum game theory, quantum walk and so on, are considered in terms of quantum
communications.

medium scale application of Q-information processing.
The simulation of Q sys

eg)

50 qubit 259 = 10'5 complex amplitudes

32 x 1015 bytes need 32 bytes in order to store each amplitude for 128
bit precision.

32 thousand terabytes of information : well beyond the capacity of
existing computer.

13



+ elementary properties of materials( bond strength, basic spectroscopic properties)

+ A lab for the design & testing of properties of novel molecules.

Large scale application : the factoring of large #s & taking discrete logarithm, Q searching

How can it be achieved in real sys?

+ Optical technique : EM radiation

- Producing a single photon on demand is a major difficulty.

Physicists opt to use schemes which produce single photons every ‘now and then’, at random, & wait for
such an event to occur.

Major advantage : Photon tend to be highly stable carriers of quantum mechanical informations.

Major disadvantage :

* Photon don’t directly interact with one another.

* Interaction has to be mediated by something else, like atoms, which introduction of additional noise
& complications into the exp.

+ Ion trap : a small # of charged atoms are trapped in a confined space. Neutral atom traps : trap uncharged
atoms in a confined space.

+ NMR Nuclear Magnetic Resonance : store Q information in the nuclear spin of atoms in a molecule & manip-
ulate that information using EM radiation.

+ other techniques of nano technologies like SQUID(josephson junction), fabricated magnetic materials, quan-
tum well, quantum dot, quantum wire etc.

1.6 Quantum information

The term “quantum information™:
1. All manner of operations that might be interpreted as related to informatin processing using quantum me-
chanics.(e.g. g-computation, q-teleportation, the no-cloning theorem)
2. The study of elementary quantum information process tasks.

+ qinfo. theory <= (classical) info. theory
A few fundamental goals uniting work on quantum information theory :

1. Identify elementary classes of static resources in quantum mechanics
+ qubits
+ bits
+ bell states shared between two distant parties.
2. Identify elementary classes of dynamical processes in quantum mechanics
+ memory - storing q-st. over some period of time
+ g-information transmission between two parties

+ copying(or trying to copy) a quantum state

14



* noise protecting quantum communication
3. Quantify resource tradeoffs incurred performing elementary dynamics
+ What are the minimal resources to transfer quantum information between two parties using noisy quan-
tum channel.
The quantum information theory includes all the static and dynamic elements of classical information theory, as
well as additional static and dynamic elements = Broader.

Some information theoretic questions have been studied as samples:
Exploring Semi-classical elements (sending classical information through q-channel)

4

The new static and dynamic processes present in quantum mechanics (quantum error-correction, the problem of
distinguishing quantum states, and entanglement transformation.)

1.6.1 Quantum information theory: example problems

Classical information through quantum channels

Classical elements Shannon’s noiseless channel coding theorem and Shannon’s noisy channel coding theorem : The
fundamental results of classical information theory.

noiseless How many bits are required to store information being emitted by a source of information

noisy How much information can be reliably transmitted through a noisy commnunication channel

A classical information source is described by a set of probabilities p;, j = 1,2, 3...d (eg. English text - the numbers

j : the alphabet and punctuation, with the probabilities p; giving the relative frequencies with which the different
letters appear in regular English text)

Regular text includes redundancy, the redundancy have the possibility of compress the text.
— Shannon’s noiseless channel coding theorem quantifies exactly how well such a compression scheme can be made
to work.

The noiseless channel coding theorem tells

+ A classical source described by probabilities p; can be compressed so that on average each use of a classical
source can be represented using H (p; ) bits of information, where

Hp;)=—> pjlogp;
i

is a function of the source probability distribution known as the Shannon entropy.

+ to attempt to represent the source using fewer bits than this will result in a high probability of error when the
information is decompressed.

Shannon’s noiseless coding theorem provides a good example where the goals of information theory

goal 1 Two static resources are identified (the bit and the information source)

goal 2 Two-stage dynamic process is identified (compressing, decompressing)

15



goal 3 A quantitative criterion for determining the resources consumed (an optimal data compression scheme)

The noisy channel coding theorem

quantifies the amount of information that can be reliably transmitted through a noisy channel.
In particular, to transfer the information being produced by some source to another location (that location :
at another point in space, or at another point in time - storing information in the presence of noise - )

+ The idea in both instances is to encode the information being produced using error-correcting codes, so that
any noise introduced by the channel can be corrected at the end of the channel.

+ The error-correcting codes achieve this is by introducing enough redundancy into the information sent through
the channel, so that even after some of the information has been corrupted it is still possible to recover the
original message.

provieds a general procedure for calculating the capacity of an arbitrary noisy channel. (for one bit informa-
tion transmission through noisy channel, one must encode using two bits : such a channel has a capacity of
half a bit)

Shannon’s noisy channel coding theorem also achieves the three goals of information thoery

goal 1 Two static resources are involved (the bit and the information source)

goal 2 Three dynamic processes are involved (noise, encoding and decoding the state in an error-correcting code)
goal 3 How much redundancy must be introduced by an optimal error-correction scheme, for a fixed noise channel
Semi-classical elements A natural question for g-information theory : what happens if the storage medium is canged
so that classical information is transmitted using quantum states as the medium.

In Ch. 12 : Using qubits allows a better compression rate than is possible classically and we will prove that qubits do
not allow any significant saving in the amount of communication required to transmit information over a noiseless
channel.

Transmission classical information through a noisy channel:

Might it be advantageous, for example, to encode the classical information using entangled states, which are then
transmitted one piece at a time through the noisy channel?

Perhaps it will be advantageous to decode using entangled measurements?

HSW(Holevo-Schumacher-Westmoreland) theorem

+ provides a lower bound on the capacity of a channel.

+ is believed to provide an exact evaluation of capacity

Encoding using entangled does not help raise the capacity beyond the lower bound by the HSW theorem. (but still
open problem)

Semi-classical schemes are concerned with Eavesdropping of orthogonal quantum key distribution

Quantum information through quantum channels - pure quantum elements
def) probabilities p; and corresponding quantum states |);)

A quantum source with output states |0) with probability p and |1) with probability 1 — p can be compressed so that
H(p,1 — p) qubits are required to store the compressed source.
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If the source had been producing the state |0) with probability p, and the state (|0) + |1))/+/2 with probability 1 — p,
the standard techniques of classical data compression no longer apply. (we can not distingush |0) and |+))

A type of compression is still possible, but the compression may no longer be error-free (the quantum state being
produced by the source may be slightly distorted by the compression-decompression procedure)

Suppose the distortion is small and ultimately neglibigle in limit of large blocks of source output being compressed.

A fidelity measure for the compression scheme

+ measures the average distortion introduced by compression scheme.

+ The idea of quantum data compression is that the compressed data should be recovered with very good fi-
delity.

« is thought to be analogues to the probability of doing the decompression correctly (large data block limit —
no error limit of 1)
Schumacher’s noiseless channel coding theorem
+ quantifies the resources required to dot quantum data compression, with the restriction that it be possible to
recover the source with fidelity close to 1.

+ In the case of a source producing orthogonal quantum states |1/;) with probabilities p; the theorem reduces
to telling that the source may be compressed down to but beyond the classical limit H (p;).

+ In the more general case of non-orthogonal states being produced by the source, the theorem tells how much
a quantum source may be compressed (the new entropic quantity von Neumann entropy)

The von Neumann entropy for the sourced p;, [¢;) is in general strictly smaller than the Shannon entropy H (p;).
(eg. |0) with p and (|0) + |1))/+/2 with probability 1 — p can be reliably compressed using fewer than H(p,1 — p)
qubits per use of the source)

Suppose above sources, and use the large # limit law with high probability the source emits about np copies of |0)
and n(1 — p) copies of (|0) + |1))/v/2. It has the form

0y (0> - 1>>®n(1p)

V2

up to re-ordering of the systems involved. Approximately, the state emitted by the source has the form

|0y ®@n(1+p)/2|1)@n(1-p)/2

How many states of this form are there? Roughly n choose n(1 + p)/2, which by Stirling’s approximation is equal to
N = onH[(1+p)/2,(1-p)/2]

n! n!
((n —n(1+p)/2)!(n(1+p)/2)!  (n(1 = p)/2)! (n(1 +p)/2)V

n! = n"e "V2mn, H(pi) = — Zpi log, Pi>

A simple compression method then is to label all states of the form |0)®7(1+2)/2|1)®n(1=P)/2 |¢}) through |cy).

It is possible to perform a unitary transform on the n qubits emitted from the source that takes |¢;) to |5)|0) @ H(1+2)/2,(1=p)/2]
since jisannH [(1 + p)/2, (1 — p)/2] bit number. The compression operation is to perform this unitary trasforma-
tion, and then drop the finaln—nH [(1 + p)/2, (1 — p)/2] qubits, leaving a compressed state of n.H [(1 + p)/2, (1 — p)/2]
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qubits. To decompress, we append the state |0)"—"[(147)/2.(1=p)/2] 1o the copressed state, and perform the inverse
unitary transformation.

The Storage requirement : H [(1 + p)/2, (1 — p)/2] qubits per use of the source.
Schumacher’s noiseless channel coding theorem allows us to do somewhat better even than this (Ch. 12)
For |0) and (]|0) + |1))/2, the states contain some redundancy since both have a components in the |0) direction.

Shumacher’s noiseless channel coding theorem is an analogue of Shannon’s but there’s no fully satisfactory analogue
of Shannon’s on noisy channel. (however, it has been made with quantum error-correcting codes)

Quantum distinguishability

Up to now, compression, decompression, noise, encoding and decoding error correcting codes have been considered
in both classical and quantum information theory. The new types of information (such as quantum state) enlarges
the class of dynamical processes.

The problem of distinguishing quantum state : it is not always possible to distinguish between arbitrary states (eg.
|0) and |+) are not distinguishable)

However, this indistinguishability of non-orthogonal quantum states is at the heart of QC and QI.

A quantum state contains hidden information that is not accessible to measurement, and thus plays a key role in
quantum algorithm and quantum cryptography.

One of the central problems of quantum information theory is to develop measures quantifying how well non-
orthogonal quantum state may be distinguished. (Ch.9, Ch.12)

The distinguishability between non-orthogonal quantum states implies the ability to communicate faster than light,
using entanglement.

Alice and Bob share an entangled pair of qubits in the state (|00) + |11))/+/2. Then if Alice measures in the compu-
tational basis, the post-measurement state will be |00) with probability 1/2, and |11) with 1/2. Thus Bob has same
probabilities in both states.

If Alice had instead measured in the |+), |—) basis, the state of Bob’s system after the measurement will be |+) or
|—) with probability 1/2 each.

If Bob had access to a devie that could distinguish the four states |0), |1), |+), |—) from one another, then he could
tell whether alice had measured in the computational basis, or in the |+), |—) basis. Moreover he could get that
information instantaneously, as soon as Alice had made the measurement. (faster-than-light communication)

Quantum money : banknotes imprinted with a serial #, and a sequence of qubits each in either the state |0) or
(]0Y+11))/+/2. The bank maintains a list matching serial # to embedded states. The note is impossibel to counterfeit
exactly, because it is impossible for a would-be counterfeiter to determine with certainty the state of the quvits in
the original note, without destroying them.

This idea is the basis for numerous other quantum cryptographic protocols, and demonstrates the utility of the
indistinguishability of non-orthogonam quantum states.

Creation and transformation Of entanglement Engtanglement is another elementary static re-
source of quantum mecanics.
— Amazingly different; HOWEVER note yet well understood

eg. Two information-theoretic problems related to entanglement Creating entanglement
Transfering entanglement : A, B share Bell state, and wish to transform it into some other type of entanglement.

+ What resources do they need to accomplish this task?

+ Can they do it without communicating?
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+ With classical communication only?

1.6.2 Quantum information in a wider context

Quantum information theory : PART III

especially
Ch. 11 : deals with fundamental properties of entropy in quantum and classical information theory.
Ch. 12: focuses on pure quantum information theory

Quantum information theory is the most abstract part of quantum computation and quantum information, yet in
some sense it is also the most fundamental.

What is it that separates the quantum and the classical world?
What resources, unavailable in a classical world, are being utilized in a quantum computation?

Existing answers to these questions are foggy and incomplete; ti is our hope that the fog may yet lift in the years to
come, and we will obtain a clear appreciation for the possibilities and limitations of quantum information process-
ing.
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Chapter 2

Introduction to quantum mechanics

2.1 Linear algebra

2.1.1 Bases and linear independence

2.1.2 Linear operators and matrices

2.1.3 The Pauli matrices

2.1.4 Inner products

2.1.5 Eigenvectors and eigenvalues

2.1.6 Adjoints and Hermitian operators
2.1.7 Tensor products

2.1.8 Operator functions

2.1.9 The commutator and anti-commutator

2.1.10 The polar and singular value decompositions

2.2 The postulates of quantum mechanics

The postulates of quantum mechanics were derived afeter a long process of trial and (mostly) error, which involved
a considerable amount of guessing and fumbling by the orginators of the theory.

2.2.1 State space

What the arena in which quantum mechanics take place is.
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Postulate 1; Associated to any isolated physical system is a complex vector space with inner product
(that is a Hilbert space) known as the state spaceof the system. The system is completely described by
its state vector, which is a unit vector in the system’s state space.

Qauntum mechanics does not tell us what the state space of that system is, nor that the space vector of the system
is. Figuring that out for a specific system is a difficult problem. eg) QED, ISING, HUBBARD model

A general state can be said as a linear combination of unit vectors, that is
W) =" i)
i

where | ) is a general state, «; is (probability) amplitude for unit state |1);). We can say that a |U) is the superposi-
tion of the states |¢;)

2.2.2 Evolution

Postulate 2: The evolution of a closed quantum system is described by a unitary transformation. That
is, the state |¢)) of the system at time ¢; is related to the state |¢)’) of the system at time ¢3 by a unitary
operator U which depends only on the times ¢; and ¢,

[ (")) = U, )[3(2)).

Just as quantum mechanics does not tell us the state space or quantum state of a particular quantum system, it does
not tell us which unitary operators U describe real-world quantum dynamics. Recall unitary operators described in
Chapter 1. ( the quantum NOT gate X, Z, and Hadamard gate )

Postulate 2 requires that the system being described be closed. (no interaction with other systems) In reality, all
systems interact at least somewhat with other systems.Nevertheless, there are interesting systems which can be
described as part of a larger closed system. In principle, every open system can be described as part of a larger
closed system which is undergoing unitary evolution.(Ch.8)

Postulate 2’: The time evolution of the state of a closed quantum system is described by the Schridinger equation,

dly)
ih——-=H
L — i)
In general figuring out the Hamiltonian needed to describe a particular physical system is very difficult problem
which requires substantial input from experiment in order to be answered. Because Hermitonian is a Hermitian

operator it has a spectral decomposition

H=> E|E)(E|

with eigenvalues E'(Energy) and corresponding normalized e-vectors | E): energy e-sts., stationary sts. The lowest
energy: ground state energy
corresponding energy e-st. : ground state
The reason the states |E) are sometimes known as stationary states is because their only change in time is to acquire
an overall numerical factor,

|E) — exp (—iEt/h) |E).

As an example, suppose a simgle qubit has Hamiltonian
H = hwX.

The energy eigenstates of this Hamiltonian are obviously the same as the eigenstates fo X, |[+) and |—), with
coressponding energies hw and —fiw. The ground state is therefore |—) and ground state energy is —hw. What
is the connection between Postulate 2/, and Postulate 2?

() = exp | 2 oo = Ul )
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where we define

—tH(ty —1

Ul(ty,t2) = exp [(21)}
h

Any operator U can be realized in the form U = exp(iK) for some Hermitian operator . There is therefore

a one-to-one correspondence between the discrete-time description of dynamics using unitary operators, and the

continuous time description using Hamiltonians.

In quantum computation and quantum information we often speak of applying a unitary operator to a particular
quantum system. = Doesn’t this contradict what we said earlier, about unitary operators describing the evolution of
a closed quantum system? After all, if we are ‘applying’ a unitary operator, then that implies that there is an external
‘we’ who is interacting with the quantum system, and the is not closed.

An example of this occurs when a laser is focused an atom. After a lot of thought and hard work it is possible to
write down a Hamiltonian describing the total atom-laser system. The behavior of the state vector of the atom turns
out to be almost but not quite prefectly descibed by another Hamiltonian, the atomic Hamiltonian. The atomic
Hamiltonian contains terms related to laser intensity, and other parameters of the laser. It is as if the evolution
of the atom were begin described by a Hamiltonian which we can vary at will, despite the atom not being a closed
system.

The upshot is that to gein we will often describe the evolution of quantum systems - even systems which aren’t
closed - using unitary operators. The main exception to this is quantum measurement.

2.2.3 Quantum measurement

The evolution of the closed system is well described unitary operator, but if the other system like experimentalist
observes the system to find what is going on inside the system, an interaction makes the system no longer closed,
and thus not necessarily subject to unitary evolution. Postulate 3 explain the effects of measurements on quantum
systems,
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Postulate 3: Quantum measuerments ared described by an collection M,,, of measurement operators.
These are operators acting on the state space of the system being measured. The index m refers to the
measurement outcomes that may occur int the experiment. If the state of the quantum system is |¢)
immediatedly before the measurement then the probability that result m occurs is given by

p(m) = (M}, Mo [¢).
and the state of the system after the measurement is

M |9)
(| MY, M, )

The measuement operators satisfy the completeness equation,
> MM, =1.
m

The completeness equation expresses the fact that probabilities sum to one:

1= p(m) =" (WM, My|v)

m

The completeness equation is much easier to check directly, to that’s why it appears in the statement of
the postulate.
The measurement of a qubit in the computational basis:

My = [0)(0]
My = 1)1

Each measurement operator is Hermitian, and that MZ = My, M? = M;. Thus completeness relationis obeyed,
I = M{ My + MM, = My + M. Suppose the state being measure is |1)) = a|0) + b|1). Then the probability of
obtaining measurement outcome 0 is

p(0) = (WM Mo|) = (Y| Mo|p) = |a].

Similarly, p(1) = |b|%. The state after measurement in the two cases is therefore

Moly) _ a
o =
M) b
o = @Y

The status of Postulate 3 as a fundamental postulate intrgues many people.

— According to Postualte 2, the evolution of this larger isolated system can be described by a unitary evolution.
Might it be possible to derive Postulate 3 as a consequence of this pircture? Despite considerable investigation along
these lines there is still disagreement between physicists about whether or not this is possible.

2.2.4 Distinguishing quantum states

An important application of Postulate 3 is to the problem of distinguishing quantum states.

Classical world : distinct states of an object are usually distinguishable.
Quantum mechanics : non-orthogonal quantum states cannot be distinguished.

Alice choose |¢;)(1 < i < n) from some fixed set of states known to Alice and Bob. She gives state |1);) to Bob,
whose task is to identify the index i of the state Alice has given him.
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1. If states |1);) are orthonormal, the bob can do a quantum measurement to distinguish these states.

Def. measurement operators M; = |;){(1);|, one for each index i

An additional measurement operators M, defined as the positive square root of the positive operator I —
> iz0 [%i) (¥i|. These operators satisfy the completeness relation, and if the state |¢)) is prepared then p(i) =
(1/)1-TM¢|¢1-) = 1, so the result 7 occurs with certainty, Thus, it is possible to reliably distinguish the orthonor-
mal states |1;)

2. If the states |¢)) are not orthonormal then we can prove that there is no quantum measurement capable of
distinguishing the states. — non-orthogonal states can’t be reliably distinguished

Suppose that measurement distinguishing the non-orthogonal states |¢)1) and |1)5) is possible.
If the state |11)(|¢)2)) is prepared then the probability of measuring j such that f(j) = 1(f(j) = 2) must be
1. Defining E; = Zj:f(j):i MJ.TMJ», these observations may be written as:

(1] Ex[or) = 1; (42| Eofthe) = 1

Since ), F; = I it follows that ) (1;|E;|1);) = 1, and since (11| E1]11) = 1 we must have (11| E2|t1) = 0,
and thus \/E>|1;) = 0. Suppose we decompose |12) = ali;) + 3|¢), where |¢) is orthonormal to |1)1),
|a|? + |8]> = 1, and |B] < 1 since |¢;)and |1)2) are not orthogonal. Then \/Es|t2) = (Bv/Ea|¢), which
implies a contradiction with above, as

(2| Balthe) = |BI*(¢| E2l@) < |B” < 1,

where the second last inequality follows from the observation that

(9| Ealg) < Z<¢\Ei\¢> = (¢l¢) = 1.

2.2.5 Projective measurements

Projective measurements is a special case of the general measurement postulate. Projective measurements actu-
ally turn out to be equivalent to the general measurement postulate, when they are augmented with the ability to
perform unitary transformations.

Projective measurements: A projective measurement is described by an observable, M, a Hermitian operator on
the state space of the system being observed.
M =Y mP,
m

(spectrally decomposed), where P, is the projector onto the eigenspace of M with eigenvalue m.
The probability of getting result m of the state |¢) is given by

p(m) = ([ Prm[1)).
Given that outcome m occurred, the state of the quantum system immediately after the measurement is

P |t)
p(m)

ify ., M:an = I, the M,, are Hermitian, and M,,, M,y = dp, m, then Postulate 3 reduces to a projective
measurement as just defined.

It is very easy to calculate average values for projective measurements. By definition, the average value of the mea-
surement is

E(M) = S mp(m)
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S (0| Pult)

m

= (Y] (Z um) %)
m
= (Y|M])
= (M)
The standard deviation associated to observations of M,
AP = (M —(M))?)
= (M?) — (M)>
For large # limit A(M) = /(M?) — (M)?. This formulation of measurement and standard deviations in terms of
observables gives rise in an elegant way to results such as the Heisenberg uncertainty principle.

Two widely used nomenclatures for measurements deserve emphasis. Rather than giving an observable to describe a
projective measurement, often people simply list a complete set of orthogonal projectors P, satisfying the relations
> mPm = Iand Py, Py = 0py m Pr. The corresponding observable implicit in this usage is M = > mP,,.
Another widely used phrase, to ‘measure in a basis |m)’, simply means to perform the projective measurements
with |m)(m|.

eg. examples of projective measurements on single qubits.

Measurement of Z on the state [¢)) = (|0) + |1))/+/2 gives result +1 with probability (|0)(0|¢)) = 1/2, similarly
result -1 with probability 1/2.

Generally, suppose ' is any real three-dimensional unit vector. Then we can define and observable:

-0 = 101 + V909 + VU303.

<y

Measurement of this observable is sometimes referred to as a ‘measurement of spin along the ¥ axis’.
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The uncertainty principle
A, B : Hermitian operators.
|t)) : a quantum state.
Suppose (Y] AB|v) = z + iy
(|[A, B]|¢) = 2iy
({4, B}p) = 2z
This implies that
[(WI[A, Bl[0)? + [(W{A, B} ) = 4/(v|ABJ)[*

By the Cauchy-Schwarz inequality

[(WIABJY)[* < (| A%|v) (¥ B?|v),

with above equation and dropping anti-commutation term gives

[(WI[A, Bll)|* < 4(w|A% ) (0| B2[v).

Suppose C and D are two observables. Substituting A = C' — (C) and B = D — (D) into the last
equation, we contain Heisenberg’s uncertainty principle as it is usually states:

[(¢[[C; D]|¢)]

A(C)A(D) > 5

A common misconception about the uncertainty principle:

measuring an observable C' to some ‘accuracy’ A(C') causes the value of D to be ‘disturbed’ by an amount
A(D) in such a way that some sort of inequality similar to above relation is satisfied.While it is true that
measurements in quantum mechanics cause disturbance to the system being measured, this is most
emphatically not the content of the uncertainty principle.

The correct interpretation of the uncertainty principle is that if we prepare a large number of quantum
systems in identical states, |1/), and then perform measurements of C' on some of those systems, and of
D in others,then the standard deviation A(C) of the C results times the standard deviation A(D) of the
results for D will satisfy the inequality relation.

eg. Consider the observables X, Y when measured for the quantum state |0).

Ax)AY) > O Y1)

> 1 = (0]z]0) = 1.

One elementary consequence of this is that A(X') and A(Y') must both be strictly greater than 0, as can
be verified by direct calculation.

2.2.6 POVM measurement

Review of Postulate 3 :

1. It gives a rule describing the measurement statistics, that is, the respective probabilities of the different possi-

ble measurement outcomes.

2. it gives a rule describing the post measurement state of the system.

However, for some application post-measurement state is of little interest, with the main item of interest being the

probabilities of the respective measurement outcomes.

This is the case in an experiment where the system is measured only once, upon conclusion of the experiment.
In such instances there is a mathematical tool known as the it Positive Operator-valued Measurement (POVM)

formalism

26



Suppose a measurement described by measurement operators M, is performed upon a quantum system in the state
|40). Then the probability of outcome m is given by p(m) = (¥| M, M,,,|1). Define

E,, = M| M,,

E,, is positive operator such that > E,, = I and p(m) = (¢|E|¢). Thus the set of E,, are sufficient of
determine the probabilities of the different measurement outcomes.

E,, : POVM elements
{Emn}: POVM

If a projective measurement satisfies Py, P,y = 0y m/ P, and ) Py, = I, then all the POVM elements are the
same as the measurement operators themselves, since E,,, = PTLPm =P,,.

Suppose that { E,,, } is some arbitrary set of positive operators such that = FE,, = I. Defining M,,, = /E,,, so
that > M} M,, =Y  E,, = I, and therefore the set { M, } describes a measurement with POVM {E,, }.

For this reason it is convenient to define a POVM to be any set of operators { E,,, } such that:

1. each operator E,, is positive

2. the completeness relation ), = E,, = I is obeyed

3. the probability of outcome m is given by p(m) = (Y|E,|¢)
The other example of POVM formalism as a guide for our intuition in quantum computation and quantum infor-
mation.

Suppose Alice gives Bob a qubit prepared in one of two states |¢);) = |0) or |1)2) = |+). It is important to Bob to
determine whether he has been given |11 ) or |1¢)2) with perfect reliability. However it is possible for him to perform
a measurement which distinguishes the states some of the time, but never makes an error of mis-identification.
Consider a POVM containing three elements,

V2

E, = —Z_ 1),

L=
V2

Ey = =) (=,
142

Eg = I—El—EQ.

Bob has E; — [1)9)

Bob has Ey — |¢1)

However, the case of 5 — can not identify the state he have been given.

The key point is that Bob never makes a mistake identifying the state he has been given. This infallibility comes at
the price that sometimes Bob obtains no information about the identity of the state.
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General measurements, projective measurements, and POVMs

Projective measurements : useful for the region of coarsely measurements are meaningful.

In quantum computation and quantum information we aim for an exquisite level of control over the
measurements that may be done, and consequently it helps to use a more comprehensive formalism for
the description of measurements.

Of course projective measurements augmented by unitary operations turn out to be completely equiva-
lent to general measurements.

Why we start with the general formalism

1. General measurements are in some sense mathematically simpler than projective measurements,
since they involve fewer restrictions on the measurement operators. This simpler structure also
gives rise to many useful properties for general measurements that are not possessed by projective
measurements.

2. There are important problems in quantum computation and quantum information - such as the
optimal way to distinguish a set of quantum states - the answer to which involves a general mea-
surement, rather than a projective measurement.

3. Projective measurements are repeatable in the sense that if we perform a projective measurement
once, and obtain the outcome m, repeating the measurement gives the outcome m again and does

not change the state. After a measurement, |¢),,) = (P,|v¥)) /+/ (¢| P |¥)) and repeating P,

2.2.7 Phase

|) and €’ |¢)) : Two states are same, up to the global phase factor ¢*.

L (le ™ M, Mine ) = ([ M, Mn 1))
Therefore observational point of view these two states are identical.

Consider the states

O+m 0=

V2 V2

In the first state the amplitude of |0) is 1/4/2. For the second state the amplitude is —1/v/2. In each case the
magnitude of the amplitudes is the same, but they differ in sign. More generally,

[¢) = al0) +b[1) (a=¢"b),

we say that two amplitudes differ by a relative phase. More generally still, two states are said to differ by a relative
phase in some basis if each of the amplitudes in that basis is related by such a phase factor. |[+) and |—) are the same
up to a relative phase shift because the |0) amplitudes are identical, and the |1) amplitudes differ only by a relative
phase factor of —1

For relative phase the phase factors may vary from amplitude to amplitude. This makes the relative phase a basis-
dependent concept unlike global phase. As a result, states which differ only by relative phases in some basis give
rise to physically observable differences in measurement statistics, and it is not possible to regard these states as
physically equivalent.

2.2.8 Composite systems
Postulate 4: The state space of a composite physical system is the tensor product of the state spaces of the

component physical systems. Moreover, if we have systems numbered 1 through n, and system number
i is prepared in the state |1);), then the joint state of the total system is |1)1) ® |1)2) ® - - - |1y,).
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Why? We certainly expect that there be some canonical way of describing composite systems in quantum mechanics.
The superposition principle of quantum mechanics, so called, could be expected. (One expect the linearity) This is
not a derivation, since we are not taking the superposition principle as a fundamental part of our description of
quantum mechanics.

The proof of the statement, that is projective measurements together with unitary dynamics are sufficient to imple-
ment a general measurement, makes use of composite quantum systems.

Suppose a quantum system with state space (), measurement operators M, on ). Introduce ancilla system, with
state space M, having a orthonormal basis |m).

The ancilla system can be regarded as merely mathematical device appearing in the construction, or it can be
interpreted physically as an extra quantum system introduced into the problem.

|0) : any fixed state of M, define an operator U on products |1)|0) of states |¢)) from Q with the state |0) by

U)[0) =Y My |)m).

Using the orthonormality of the states |m) and the completeness relation Y., M, M,, = I, U preserves inner
products between states of the form |¢)|0),

(GOIUTT)0) = D (SIM), My |) (m|m’)
= > (OIM My |)
= (o)
Probability p(m) of projectors P,,, = Io ® |m)(m| is
p(m) = (G{O[UTPLU)I0)
= D WIML, (| (I ® m) (m]) My 1) |m")
= (YIM] M),
The joint state of the system ()M after measurement, conditional on result m occurring, is given by
EaU)0)  _  Mn[y)m)

VIUTPRUI) [l g M)
It follows that the state of system M after the measurement is |m), and the state of system () is

M 1)
(| M, M, |1)

Thus unitary dynamics, projective measurements, and the ability to introduce ancillary systems, together allow any
measurement of the form described in Postulate 3 to be realized.

Postulate 4 also enables us to define one of the most interesting and puzzling ideas associated with composite
quantum systems - entanglement.
|00) + |11)
V2

This state hase the remarkable property that there are no single qubit states |a) and |b) such that |¢)) = |a)|b).
We say that a state of a coposite system having this property (that is can’t be written as a product of states of its

component systems) is an entangled state. For reasons which nobody fully understands, entangled states play a
crucial role in quantum computation and quantum information. (Teleportation, dense coding, Bell’s inequality)
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2.2.9 Quantum mechanics: a global view

Review :
+ Postulate 1 sets the arena for quantum mechanics, by specifying how the state of an isolated quantum system
is to be described.
+ Postulate 2 tells us that the dynamics of evolution.

+ Postulate 3 tells us how to extract information from our quantum system by giving a prescription for the
desription of measurement.

+ Postulate 4 tells us how the state spaces of different quantum systems may be combined to give a description
of the composition system.

0dd stuff:

+ We cannot directly observe the state vector.

+ Classical physics tells us that the fundamental properties of an object, like energy, position, and velocity, are
directly accessible to observation. — are not fundamental quantities in quantum mechanics.
It is as thought there is a hidden world in quantum mechanics, which we can only indirectly and imperfectly
access.

+ Observation in quantum mechanics is an invasive procedure that typically changes the state of the system.

2.3 Application: superdense coding

Two parties, conventionally known as Alice and Bob, want to transmit some classical information. Suppose Alice
has two classical bits of information which she wishes to send Bob, but is only allowed to send a single qubit to Bob.

Suppose Alice and Bob initially share a pair of qubits in the entangled state

~100) + J11)
V2

Alice is initially in possession of the first qubit, while Bob has possessionof the second qubit. Note that [¢)) is a fixed
state(from Alice or third party).

¥)

She wishes to send the bits string;

+ ‘00’ : she does noting at all to her quibit.
+ ‘01’ : she applies the phase flip Z to her qubit.
+ ‘10’ : she applies the quantum NOT gate X.

+ ‘11’ : the she applies the ¢Y” gate to her qubit.

The four resulting states are easily seen to be:

|00) +|11)
V2

|00) — [11)
V2

00 : 1)

01:[¢)

30



|01) + |10)
V2
|01) —|10)
V2
Then Alice sends her qubit to Bob, giving Bob possession of both qubits, then by doing a measurement in the Bell

basis Bob can dertime which of the four possible bit string Alice sent. It means Alice, interacting with only a single
qubit i, is able to transmit two bits of informtion to Bob.

102 |)

11 : |9)

Of course, two qubits are involved in the protocol, but Alice never need interact with the second qubit. Classically,
the task Alice accomplishes would have been impossible had she only transmitted a single classical bit.

2.4 The density operator

The density operator : The alternate mathematical formulation which is equivalent to the state vector formalism
and provides a much more convenient language in quantum mechanics.

2.4.1 Ensembles of quantum states

The density operator formalism provides a convenient means for describing quantum systems whose state is not
completely known.

Suppose a quantum system is in one of a number of states [1);), where i is an index, with respective probabilities p;.
{pi, |1:)} : an ensemble of pure states

The density operator(density matrix) for the system is defined by

p= Zpi\7/1z’><¢i|

All postulates of quantum mechanics can be reformulated in terms of the density operator language.

The state vector formalism and the density operator language give the same results; however it is sometimes much
easier to approach problems from one point of view rather than the other.

An unitary evolution for sys. initiated by |¢;) with p; can be described
p= ZPZW)JWH — Z}%U"IZHMUJHUT =UpUT

For a measurement operator M,,,, when the initial state was |1);), the probability of getting result m is

p(mli) = (| MJ, My ihi) = te(M], Mo [905) (4])
The probability of obtaining result m is

p(m) = Zp(mli)pi (2.1)

Zpitr(MLMm\wiMwil) (2.2)

= tr(M} M,p). (2.3)
If the initial state was |1;) then the state after obtainging the result m is
Mo |hi)
(| M Mo |407)

;") =
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Thus, after a measurement which yields the result m we have an ensemble of states |¢)!") with respective probabili-
ties p(i/m). The coresponding density operator p,, is

M |ti) (03| M,

p= ;p(ilm)m Wi = ;P(i\m) (n M M 1)

By Bayes’s theorem, p(i|m) = p(m,i)/p(m) = p(m|i)p;/p(m)
= 3 M |i) (i | M,
" ’ tr(MJ,LMmp)
My, pMj,
tr(M,T,LMmp)

i

We will complete rephrasing of quantum postulates in next section.

A pure state : if a quantum system whose stat |¢)) is known exactly then we said the system is in a pure state. In this
case the density operator is simply p = [¢) (¢}
Otherwise, p is in a mixed state; it is said to be a mixture of the different pure states in the ensemble for p.

A pure state stisfies tr(p?) = 1 ( p? = p ), while a mixed state satisfiles tr(p?) < 1 (p? # p).

1. Sometime people use the term ‘mixed state’ as a catch-all to include both pure and mixed quantum states. (
The origin for this usage seems to be that it implies that the writer is not necessarily assuming that a state is
pure )

2. The term ‘pure state’ is often used in reference to a state vector |1)), to distinguish it from a density operator
p.

Imagine a quantum system is prepared in the state p; with probability p;. For pure states, suppose p; from some
ensemble {p;;, [;;) }, so the density matrix of a subsystem i is p; = _ . pi;[ts; (1) and the probability for being
in the state |1;;) is p;p;;. The density matrix for the system is thus

po= > pipij|ti) (]
j
= Z Dipi

We say that p is a mixture of the states p; with probabilities p;. This concept of a mixture comes up repeatedly in the
analysis of problems like quantum noise, there the effect of the noise is to introduce ignorance into our knowledge
of the quantum state.

eg) Imagine that our record of the result m of the measuremnt was lost. We would have a quantum system in the
state p,,, with probability p(m), bout would no longer know the actual value of m. The state of such a quantum
system would therefore be described by the density operator

p o= > pm)pm
. M, pM}
= Ztr(MJ@MmP)#
— tr( M M, p)
= > MupM],

a nice compact formula which may be used as the staring point for analysis of further operations on the system.
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2.4.2 General properties of the density operator

The density operator : describing ensembles of quantum states.

Theorem 2.5: (Characterization of density operators) An operator p is the density operator associated to some
ensemble {p;, [1);)} iff it satisfies the conditions:

1. (Trace dondition) p has trace equal to one

2. (Positivity condition) p is a positive operator.

Pf
Suppose p = . p;|1;) (15| is a density operator. Then

tr(p) = Zpitr(|¢i><¢i|) = sz =1,
so the trace condition tr(p) = 1 is satisfied. Suppose |¢) is an arbitrary vector in state space. Then
D piloli) (Wile)
S pil{glun) 2
0,

(0]pl#)

v

so the positivity condition is satisfied.

Conversely, suppose p is any operator satisfying the trace and positivity conditions. Since p is positive, it must have
a spectral decomposition
p=2_Aliil;
J

where the vectors |j) are orthogonal, and \; are real, non-negative eigenvalues of p. From the trace condition we
see that >, \; = 1. Therefore, a system in state |j) with probability \; will have density operator p. That is, the
ensemble );, |7) is an ensemble of states giving rise to the density operator p.

We can define a density operator to be a positive operator p which has trace equal to one. Making this definition
allows us to reformulate the postulates of quantum mechanics in the density operator picture.
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Postulate 1 : Associated to any isolated physical system is a complex vector space with inner product
(that is, a Hilbert space) known as state space of the system. The system is completely described
by its density operator, which is a positive operator p with trace one, acting on the state space of
the system. If a quantum system is in the state p; with probability p;, then the density operator for
the system is ) . p;p;.

Postulate 2 : The evolution of a closed quantum system is described by unitary transformation. That is,
the state p of the system a time ¢; is related to the state p’ of the system at time ¢, by a unitary
operator U which depends only on the tiems ¢; and ¢,

o =UpUT

Postulate 3 : Quantum measurements are described by a collection M,,, of measurement operators.
These are operators acting on the state apace of the system being measured. The index m refersto
the measurement outcomes that may occur in the experiment. If the state of the quantum system
is p immediately before the measurement then the probability that result m occurs is given bye

p(m) = tr(M], My, p)
and the state of the system after the measurement is

My, pMj,
tr( M, My, p)

The measurement operators satisfy the completeness relation,

> MM, =1.

Postulate 4 : The state space of a composite physical system is the tensor product of the state spaces of
the component physical systems. Moreover, if we have systems numberd 1 through n, and system
number i is prepared in the state p;, then the joint state of the total system is p; ® p2 ® ... pp.

Above postulates are mathematically equivalent to the description in terms of the state vector.

The density operator approach really shines for two applications:

+ The description of quantum systems whose state is not known

+ The description of subsystems of a composite quantum system

It is tempting fallacy to suppose that the eigenvlues and eigenvectors of a density matrix have some special signifi-
cance with regard to the ensemble of quantum states represented by that density matrix.

eg) Suppose that a quantum system with density matrix

p= 2100/ + 311,

VRSV
o= Loy
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and the quantum system is prepared in the state |a) with probability 1/2 and in the state |b) with probability 1/2.
Then

1 1 3 1
p = slaal + 1)l = T10)(0] + £ 1)1
That is, these two different ensembles of quantum states give rise to the same density matrix. In general, the eigen-

vectors and eigenvalues of a density matrix just indicate one of many possible ensembles that may give rise to a
specific density matrix, and there is no reason to suppose it is an especially privileged ensemble.

What classes of ensembles does give rise to a particular density matrix? The solution to this problem has suprisingly
many applications in quantum computation and quantum information, notably in the understanding of quantum
noise and quantum error-correction. For the solution it is convenient to make use of vectors |¢);) which may not be
normalized to unit length. We say the set |1);) generates the operator p = ). |4;)(¢;|, and thus the connection to
the usual ensemble pircture of density operators is expressed by the equation [¢);) = /p;|;). When do two sets
of vectors, |1;) and |);) generate the same operator p? The solution to this problem will enable us to answer the
question of what ensembles give rise to a given density matrix.

Theorem 2.6: Unitary freedom in the ensemble for density matrices The set |¢);) and |q~§]> generate the same density
matrix iff y 5
i) = uijl)
J

where u;; is a unitary matrix of complex numbers, with indices ¢ and j, and we ‘pad’ whichever set of vectors |4;)
or |¢;) is smaller with additional vectors 0 so that the two sets have the same number of elements.

As a consequence of the theorem, note that p = . p;|1/;) (¢;| for normalized state |¢;), |¢;) and probability distri-
butions p; and g; iff

Vpilbi) = Zuz‘j\/ﬂ(ﬁj%

for some unitary matrix u;;, and we may pad the smaller ensemble with entries having probability zero in order to
make the two ensembles the same size. Thus, Theorem 2.6 characterizes the freedom in ensembles {p;, |1;) } giving
rise to a given density matrix p.

Pf
Suppose [1);) = Y. u;;j|¢;) for some unitary u,;. Then

Z [P (@il = > wigul|y) (xl

ijk
> (Z uziuij> ENIEN
jk i

> 0kjl5) (i
jk
Z 16;) (51

which shows that [¢);) and |¢;) generate the same operator.
Conversely, suppose

A= Z |hi) (W;| = Z 16) (1

Let A = ", Ai|k)(k| be a decomposition for A such that |k) are orthonormal, and the ), are strictly positive. Let
|)) be any vector orthonormal to the space spanned by |k) ( |k) = v/A;|k)), so (|k)(k|¢)) = 0 for all k, and

0= (lAl) = > (Wl (daly) = 3 w190

(2
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Thus (1)]t);) = 0 for all i and all |+)) orthonormal to the space spanned by the LI%).~It follows that each |4);) can be
expressed as a linear combination of the |k), [1;) = >, cir|k). Since A = Y~ |k)(k| = >, |[¥i) (1| we see that

S = 3 (e )
k KO\ i

The operators |k)(I| are easily seen to be linearly independent, and thus it must be that 3, ¢;rc; = 0y This

ensures that we may append extra columns to ¢ to obtain a unitary matrix v such that [¢);) = >, vi;|k), where we

have appended zero vectors to the list of |k). Similarly, we can find a unitary matrix w such that |¢;) = 3° o Wj k&)
Thus [¢;) = 3=, uij|;), where u = vw! is unitary.

2.4.3 The reduced density operator

The deepest application of the density operator may be as a descriptive tool for subsystems of a composite quantum
system. Such a description is provided by reduced density operator.

Suppose we have physical systems A and B, whose state is described by a density operator pAZ. The reduced density

operator for system A is defined by
pt = trp(p"?)

)

where trp is a map of operators known as the partial trace over system B. The partial trace is defined by

trp(lai)(az| @ [b1)(ba]) = |a1){az|tr(|b1)(b2|)
(b2b1)]ar){az]

where |a;) and |az) are any two vectors in the state space A, and |by), |b2) are of B.

The physical justification for making this identification is that the reduced density operator provides the correct
measrement statistics for measurements made on system A.

eg)Suppose a quantum system is in the product state pZ = p ® o, where p is a density operator for system A, and
o is a density operator for system B. Then

pt =trp(p® o) = ptr(o) = p,
which is the result we intuitively expect. Similarly, p” = o for this state.

eg) For the Bell state, the density operator

_ (|OO>+|11>) ((00|+<11|)
V2 V2
[00){00] + [11)¢00] + |00) (11| + [11){11]

2

Tracing out the second qubit, we find the reduced density operator of the first qubit,

pt = tra(p)
_ tr2(]00)(00]) + tra(|11)(00]) + tra(]00) (11]) + tra(|11){11])
2
10)(0{0]0) + [1)(0[{1]0) + |0)(L[{O[1) + [L)(L[{1]1)
2
_10)0[+ 1)1 |
2
1
T2
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Notice that this state is a mixed state, since tr((I/2)?) = 1/2 < 1. This is quite a remarkable result. The state
of the joint system of two qubits is a pure state; however, the first qubit is in a mixed state, a state about which we
apparently do not have maximal knowledge. This strange property, that the joint state of a system can be completely
known, yet a sybsystem be in mixed states, another hallmark of quantum entanglement.

Quantum teleportatin and the reduced density operator
A useful application of the reduced density operator is to the analysis of quantum teleportation.

Before Alice makes her measurement the quantum state of the three qubits is:

|p2) = % [100) (]0) + 5[1)) +101) (a[1) + 5]0)) + [10) (|0) = B[1)) + [11) (a[1) = 5]0))].
Measuring in Alice’s computational basis, the state of the system after the measurement is:
100) [a[0) + B]1)] with probability i
101) [a[1) + 5]0)] with probability i
110) [a[0) — B]1)] with probability i
|11) [@|1) — 3]0)] with probabilityi
The density operator of the system is thus
p= i[ 100)¢00] (]0) + B]1)) (@™ (0] + 57(1]) + [01){01] (a|1) + 5]0)) (e (1| + 57 (0])
+[10)(10] (a]0) = BI1)) (o™ (0] = B (1]) + [11)(11] (a[1) = 5]0)) (@™ (1] = B*(O])].
Tracing out Alice’s system, we see that the reduced density operator of Bob’s system is

p’ = %[(a\0>+ﬂ\1>)(a*<0|+ﬁ*<1|)+(a|1>+6I0>)(a*<1l+5*<0l)
+(@|0) = BI1)) (a™(0] = B(1[) + (a[1) = 810)) (o™ (1] = 57(0]) ]
2 (Jaf* +161) [0)(0] + 2 (o + [8]%) [1)(1]

4
_ 1001+ [1)(1]
2
1
= 3

Thus, the state of Bob’s system after Alice has performed the measurement but before Bob has learned the measure-
ment result is 7/2. This state has no dependence upon the state |1)) being teleported, and thus any measurements
performed by Bob will contain no informatin about |1)), thus preventing Alice from using teleportation to transmit
information to Bob faster than light.

2.5 The Schmidt decomposition and purifications

The study of composite quantum systems are at the heart of quantum computation and quantum information. Two
additional tools of great value are the Schmidt decomposition and purifications.

Theorem 2.7 (Schmidt decomposition). i) : pure state of a composite system, AB. 3|i4) and |ip) : orthogonal
states. of A and B, respectively such that

) = Z Ailia)lis)
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where \; are non-negative real numbers satisfying >, A\? = 1 known as Schmidt coefficients.

This result is very useful.

If |} is a pure st. of a composite system, AB, then by Schmidt decomposition

P =" Nia)(ial

p? = Nlip)(is|

so, the eigenvalues of p* and p? are identical (\?) for both density operators. Many important properties of quan-
tum system are completely determined by the eigenvalues of the reduced density operator of the system, so for a
pure state of a composite system such properties will be the same for both sytems.

eg) two qubits, (|00) + |01) + [11))/v/3

o= 2 @00+
o7 = (00l + 2
w((0")?) = ger@0ol+ )
= Str(0)0] +aj1) (1)

_ 5

= 3

Proof
System A, B have state spaces of the same dimension.
|7)> |k) : any fixed orthonormal bases for systems A and B

) = akli)lk),
ik

By the singular value decomposition, a = udv, where d is a diagonal matrix with non-negative elements, and « and
v are unitary matrices

) = Z ugidiivik|j)|k).

ijk

Defining [ia) = >°; ujilf), lin) = 32 vik|k), and A = dj;
[v) = Z)\i|iA>|iB>

lia) and |ip) : Schmidt bases for A and B

A; ¢ Schmidt number for the state [1)). In some sense, Schmidt number is the ‘amount’ of entanglement between
systems A and B. The Schmidt number is preserved under unitary transformations on system A or system B
alone.

Purification

Suppose a system p“ and introduce another system, R, and define a pure state | AR) for the joint system AR such
that p = trr (|JAR)(AR)|). That is, the pure state | AR) reduces to p* when we look at system A alone. Purification
allows us to associate pure states with mixed states.
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To prove that purification can be done for any state, we explain how to construct a system R and purification |AR)
for pA.

A system p* has orthonormal decomposition p* = >, p;|it) (i|. To purify p*, introduced R which has the same
state space as system A, with orthonormal basis states |i?*), and define a pure state for the combined system

[AR) =Y /mili)i")

i

We now calculate the reduced density operator for system A corresponding to the state | AR)
trr (JARNAR|) = > pip;li*) (e (1) (57])
ij
= Y VEmilit) (i1

ij

Z pili®) (i

= pA.

Thus | AR)is a purification of p*.

The procedure used to purify a mixed state of system A is to define a pure state whose Schmidt basis for system
A is just the basis in which the mixed state is diagonal, with the Schmidt coefficients being the square root of the
eigenvalues of the density operator being purified.

2.6 EPR and the Bell inequality

A compelling example of an essential difference between quantum and classical physics.

For an object, we assume that the physical properties of that object have an existence independent of observation.
That is, measurements merely act to reveal such physical properties.

QM: an unobserved particle does not posses physical properties that exist independent of observation. Rather, such
physical properties arise as a consequence of measurements performed upon the system.

EPR were interested in what they termed ‘elements of reality’. Their belief was that any such element of reality must
be represented in any complete physical theory. The goal of the argument was to show that quantum mechanics is
not a complete phsical theory, by identifying elements of reality that were not included in quantum mechanics.

The way they attempted to do was by introducing what they claimed was a sufficient condition for a physical prop-
erty to be an element of reality, namely, that it be possible to predict with certainty the value that property will have,
immediately before measurement.
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Box 2.7: Anti-correlation in the EPR experiment The prepared two qubit state

_[01) — J10)
V2

The measurement of observable ¥ - & on each qubit will get +1 or —1 for each qubit. It turns out that
no matter what choice of ¥ we make, the results of the two measuerments are always opposite to one
another.

Suppose |a) and |b) are the eigenstates of ' - &. Then

[¥)

0) = ala)+5b)
1) = la)+[b).
Substituting we obtain
01) —[10) _ (ad — ) |ab) — |ba)

V2 V2

But ad — (v is the determinant of the unitary matrix, and thus is equal to a phase factor ¢*® for some

real 6. Thus
|01) — |10) B |ab) — |ba)

V2 V2

As aresult, if a measuerment of ¥- & is performed on both qubits, then we can see that a result of +-1(—1)
on the first qubit implies a result of —1(+1) on the second qubit.

eg) Consider, an entangled pair of qubits belonging to Alice and Bob, respectively:

|01) — |10)
Alice performs a measurement of spin along the ¢ axis. Suppose Alice recives the result +1. Bob will measuer —1
on his qubit if he also measures sping along the ¥’ axis.

Above result seems to correspond to an element of reality, by the EPR criterion, and should be represented in any
complete physical theory. However standard quantum mechanics merely tells one how to caculate the probabilities
of the respective measurement outcomes if ¥ - & is measured. Standard quantum meachanics certainly does not
include any fundamental element intended to represent the value of ¢/ - &, for all unit vector ..

The goal of EPR was to show that quantum mechanics is incomplete, by demonstrating that quantum mechanics
lacked some essential ‘element of reality’, by their criterion. They hoped to force a return to a more classical view
of the world, one in which systems could be ascribed properties which existed independently of measurements
performed on those systems.

EPR defeated nearly 30 years after its publishing, by invalidation of Bell’s Inequality. Bell’s inequality is not a result
about quantum mechanics. To obtain Bell’s inequality, we’re going to do a thought(gedanken) experiment, which
we will analyze using our common sense notions of how the world works(classically) - the sort of notions Einstein
and his collaborators thought Nature ought to obey. After we have done the common sense analysis, we will perform
a quantum mechanical analysis which we can show is not consistent with the common sense analysis

Thought Experiment:

+ Charlie prepares to particles.
+ Charlie sends one particle to Alice, and the second particle to Bob.

+ Once Alice receives her particle, she performs a measurement on it using randomly one of two different
measurements. These measurements are of physical properties which we shall labe Py and P, respectively.
For simplicity, suppose that the measurements can each have one of two outcomes, +1 or —1. Pp — @ and
PR — R
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+ Similarly, P — S and Pr — T, each taking value +1 or —1.

+ Alice and Bob do their measurements at the same time. Therefore the measurement which performs cannot
disturb the result of Bob’s measurement, since physical influences cannot propagate faster than light.

We are going to do some simple algebra with the quantity Q.S + RS + RT — QT.
QS+ RS+ RT —-QT =(Q+R)S+(R—Q)T.

Because R, @ = £1 it follows that either (Q + R)S = 0 or (R — Q)T = 0. In either case, it is easy to see from above
equation that QS + RS + RT — QT = £2.

Suppse that p(q, 7, s, t) is the probability that, before the emasurements are performed, the system is in a state where
Q =q,R =715 = s,T = t. These probabilities may depend on how Charlie performs his preparation, and on
experimental noise. Letting E(-) denote the mean value of a quantity, we have

E(QS+RS+RT—QT) = Y plg.rs,t)(gs+rs+rt—qt)

qrst

< > p(grst) x 2

qrst
= 2

Also,

E(QS+RS+RT-QT) = > plg.rs.t)gs+ Y plg,rs,t)rs+ > _plg.rs,thrt— > plq,r,s,t)qt

qrst qgrst qrst qrst
= E(QS)+E(RS) + E(RT) — E(QT).
We obtain th Bell inequality,
E(QS) + E(RS) + E(RT) — E(QT) < 2

This result is also often known as the CHSH inequality after the initials of its four discoverers. It is part of a larger
set of inequalities known generically as Bell inequalities.

Quantum mechanical analysis:
Charlie prepares a quantum system of two qubits in the state

_ o) —[10)
Alice and Bob perform measurements of the following observables:
Q = Z
]% == )(1
—Zy — Xy
S = ——
V2
Zy — Xo
T = 222
V2
Simple calculations show that the average values for these observables are:
1 1 1 1
S)=—;(RS) = —;(RT) = —;{(QT) = —;
(@S) 7 (RS) = —= (RT) 7 (QT) 7

Thus,
(@S) + (RS) + (RT) — (QT) = 2V/2.
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Above result violates the Bell inequality. And the experimental results denoted that the Bell inequality is not obeyed
by Nature.

What does it mean? I means that one or more of the assumptions that went into the derivation of the Bell inequality
must be incorrect.

There are two assumptions made in the proof of Bell inequality which are questionable:
1. The assumption that the physical properties Py, Pr, Pg, Pr have definite values (), R, S, T which exist
independent of observation. This is sometimes known as the assumption of realism.
2. The assumption that Alice performing her measurement does not influence the result of Bob’s measurement.
This is sometimes known as the assumption of locality.
These two assumptions together are known as the assumption of local realism. They are certainly intuitively plau-
sible assumptions about how the world works, and they fit our everyday experience.

The world is not locally realistic. Bell’s inequality points out to the conclusion that either or both of locality and
realism must be dropped from our view of the world if are to develop a good intuitive understading of quantum
mechanics.

Bell’s inequality teaches us that entanglement is a fundamentally new resource in the world that goes essentially
beyond classical resources.

42



Chapter 4

Quantum circuit

Quantum circuit model — universal quantum gates

4.1 Quantum algorithms

Many interesting problems are impossible to solve on a classical computer — requirement of astronomial resources.

new algorithms of quantum computation

« Shor’s quantum Fourier transformation

+ Grover’s algorithm for performing quantum searching
The quantum search algorithm has many potential applications,

« can be used to extract statistics from an unordered data set
+ can be used to speed up algorithms for some problems in NP

+ can be used to speed up the search for keys to cryptosystems such as DES
The quantum Fourier transform also has many interesting applications

+ to solve the discrete logarithm and factoring problems.

+ finding hidden subgroup ( a generation of finding the period of a periodic function)

Why are there so few quantum algorithms known which are better than their classical counterparts? The answer is
that coming up with good quantum algorithms seems to be a difficult problem.

1. Algorithm design is not an easy business

2. Our intuitions are much better adapted to the classical world than they are to the quantum world

This chapter will provide an efficient and powerful language for describing quantum algorithms, the language of
quantum circuits - assemblies of discrete sets of components which describe computational procedures.
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4.2 Single qubit operations

A single qubit is a vector [1)) = a|0) + b|1) parameterized by two complex numbers satisfying |a|? + [b|> = 1.
Operations on a qubit must preserve this norm, and thus are described by 2 x 2 unitary matrices. Of these, some of
the most important are the Pauli matrices;

e (28] r= [0 7 [d 8 )

Three other quantum gates will play a large part in what follows, the Hadamard gate(H ), phase gate (5), and /8

gate (1):
11 ot ] o [ro].._[1 0
H:\@L 1]’52[0 i}’T:[O exp(m/4)]

A couple of useful algebraic facts to keep in mind are that H = (X + Z)/v/2 and S = T2. The reason that 7' gate
is called the 7/8 gate is for unimportant global phase T is equal to a gate which has exp(Fin/8) apearing on its
diagonals.

A single qubit in the state a|0) + b|1) can be visualized as a point (6, ¢) on the unit sphere, where a = cos(0/2),b =
e'?sin(0/2), and a can be taken to be real because the overall phase of the state is unobservable. This is called Bloch
sphere representation, and the vector (cos ¢ sin 6, sin ¢ sin 6, cos 0) is called the Bloch vector.

The Pauli matrices give rise to three useful classes of unitary matrices when they are exponentiated, the rotation
operators about the Z, §, and Z axes, defined by the equations:

R.(0) = 6_19X/2:COSQI—Z'SinQX: (3.05.’29 ZSH;Q
2 2 —ising  cosg
i 4 0 cos? —sin?
— —i0Y/2 _ Ur o Uy g
R,(0) = e cos 2I isin 2Y { sing con? ]
i 0 0 e—10/2 0
— —i0Z/2 __ v ..U,
R.(0) = e = cos 2[ isin 2Z = [ 0 02

If i = (ng, ny, n,) is a real unit vector in three dimensions then we generalize the previous definitions by defining
a rotation by 0 about the 7 axis by the equation

9 6
R;, = exp(—ifn - /2) = cos <2) I —isin <2) (neX +n,Y +n.2),

An arbitrary unitary operator on a single qubit can be written in may ways as a combination of rotations, together
with global phase shifts on the qubit.

Theorem 4.1 : (Z-Y decomposition for a single qubit) Suppose U is a unitary operation on a single qubit. Then
there exist real numbers «, 3, v and § such that

U =" R.(B)Ry(7)R:(6).

Corollary 4.2: Suppose U is a unitary gate on a single qubit. Then there exist unitary operators A, B, C' on a single
qubit such that ABC' = I and U = ¢’ AX BXC, where « is some overall phase factor.

Proof
In the notation of Theorem 4.1, set A = R.(5)Ry(v/2), B= Ry(—7/2)R.(—(6 + 3)/2)and C = R.((6 — 5)/2).

Note that
v = ngom, (3) (-3 7 (357 0. (5) -1
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Since X? =1, XY X = —-Y,and XR,(0) X = R,(—0), we see that

XBX = XR, (=) XXR. (—5;5> X=R,(3)R. (M> .

2
Thus
_ Y Y o+ d—p
AXBXC = R.(B)R, (5) R, (5) R. (2) R. (2
= R.(B)R,(7)R-(9).
Thus U = ¢/ *AX BXC and ABC = I, as required. O

4.3 Controlled operations

‘If A is true, then do B’ : Controlled operation — one of the most useful in computing, both classical and quantum.

CNOT : |c)|t) — |c)|t @ c)
The matrix representation of CNOT is

S o o
oS o~ O
— o O O
o= OO

More generally, suppose U is an arbitrary single qubit unitary operation. A controlled-U is a two qubit operation
with a control and a target qubit. If the control qubit is set then U isapplied to the target qubit, otherwise the target
qubit is left alone; [c)|t) — |c)UC[t).

Our immediate goal is to understand how to implement the controlled-U operation for arbitrary single qubit U,
using only single qubit operation and the CNOT gate.

Applying the phase shift exp(ia) on the target qubit, controlled by the control qubit. If the control qubit is |0), then
the target qubit is left alone, while if the control qubit is |1), a phase shift exp(i«) is applied to the target.

|00) — [00), [01) — [01) |10) — €™|10), [11) — e**|11)
The construction of the controlled-U operation (Figure 4.6): recalling from Corollary 4.2 that U may be written in
the form U = ¢'* AX BXC, where A, B and C are single qubit operations such that ABC = 1.

Suppose that the control qubit is set. Then the operation e?*AX BXC = U is applied to the second qubit. If on
the other hand, the control qubit is not set, then the operation ABC = [ is applied to the second qubit; that is, no
change is made. That is, this circuit implements the controlled-U operation.

What about conditioning on multiple qubits?

eg) Toffoli gate, which flips the third qubit, the target qubit, conditioned on the first two qubits, the control qubits,
being set to one. More generaly, suppose we have n + k qubits, and U is a k qubit unitary operator. Then we define
the controlled operation C™(U) by the equation

C™"(U)|xixa ... xn)|¥) = |z122 . .. 2p) UTLT2 T 1))

where z125 ... 2, in the exponent of U means the product of the bits x1,zo,...,x,. That is, the operator U is
applied to the last k qubits if the first n qubits are all equal to one, and otherwise, nothing is done.

(Fig 4.7)

Larger k can be dealt with using essentially the same methods, however for £ > 2 there is the added complication
that we don’t (yet) know how to perform arbitrary operations on k qubits.

45



Suppose U is a single qubit unitary operator, and V is a unitary operator chosen so that V2 = U. Then the operation
C?(H) may be implemented using the circuit shown in Figure 4.8.

The familiar Toffoli gate is an especialy important special case of the C?(U) operation, the C?(X). Defining V =
(1 —4)(I +iX)/2 and noting that V2 = X, we see that Figure 4.8 gives an implementation of the Toffoli gate in
terms of one and two qubit operations. (Classical reversible gates are not sufficient to implement the Toffoli gate,
or universal computation. But, in the quantum case we see that one and two qubit reversible gates are sufficient to
implement the Toffoli gate, and will eventually prove that they suffice for universal computation)

Ultimately we will show that any unitary operation can be composed to an arbitrarily good approximation from just
the Hadamard, phase, controlled-NOT and 7/8 gates. Figure 4.9 illustrates a simple circuit for the Toffoli gate made
up of just Hadamard, phase, CNOT and 7/8 gates. (Figure 4.9)

How may we implement C"(U) gates using our existing repertoire of gates, where U is an arbitrary single qubit
unitary operation? A particularly siple circuit for achieving this task is illustrated in Figure 4.10. The circuit divides
up into three stages, and makes use of a small number (n — 1) of working qubits, which all start and end in the state
|0). Suppose the control qubits are in the computational basis state |cy, ca, . . ., ¢, ). The first stage of the circuit is to
revesibly AND all the control bits ¢4, . . ., ¢, together to produce the product ¢; - ¢z ... ¢,. To do this, the first gate
int the circuit ANDs ¢; and co together, using a Toffoli gate, changing the state of the first work qubit to |¢; - ¢2).
The next Toffoli gate ANDs c3 with the product ¢; - ¢g, changing the state of the second work qubit to |¢; - ¢a - ¢3).
We continue applying Toffoli gates in this fashion, until the final work qubit is in the state |c; - ¢5 ... ¢,,). Next,a U
operation on the target qubit is performed, conditional on the final work qubit being set to one. That is, U is applied
iff all of ¢; through c,, are set. Finally the last part of the circuit just reverses the steps of the first stage, returning all
the work qubits to their initial state, |0).

In the controlled gates we have been considering, conditional dynamics on the target qubit occurs if the control bits
are set to one. Of course, there is nothing special about one, and it is often useful to consider dynamics which occur
conditional on the control bit being set to zero.

Figure 4.11
Figure 4.12

4,4 Measurement

A final element used in quntum circuits, almost implicitly sometimes, is measurement. In our circuits, we shall
denote a projective measurement in the computational basis using a ‘meter’ symbol.

It is conventinal to not use any special symbols to denote more general measurements, because they can always be
represented by unitary transforms with ancilla qubits followed by prejective measurements.

Two important principles:
Principle of deferred measurement: Measurements can always be moved from an intermediate stage of a quantum

circuit to the end of the circuit; if the measurement results are used at any stage of the circuit then the classi-
cally controlled operations can be replaced by conditional quantum operations.

Principle of implicit measurement: Without loss of generality, any unterminated quantum wires(qubits which are

not measured) at the end of a quantum circuit may be assumed to be measured.

1 - Often, quantum measurements are performed as an intermediate step in a quantum circuit, and the measure-
ment results are used to conditionally control subsequent quantum gates. However, such measurements can always
be moved to the end of the circuit.

2 - Imagine you have a quantum circuit containing just two qubits, and only the first qubit is measured at the end of
the circuit. Then the measurement statistics observed at this time are completely determined by the reduced density
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matrix of the first qubit. The measurement of the second qubit does not change the result of the measurement of
the first qubit.

4.5 Universal quantum gates

A small set of gates ( AND, OR, NOT) is universal for classical computation. In fact, since the Toffoli gate is universal
for classical computation, quantum circuits subsume classical circuits. A similar universality result is true for quan-
tum computation, where a set of gates is said to be universal for quantum computation if any unnitary operation
may be approximated to arbitrary accuracy bye a quantum circuit involving only those gates.

Any unitary operation can be approximated to arbitrary accuracy using Hadamard, phase, cNoT, and 7/8 gates.

1. An arbitrary operator may be expressed exactly as a product of unitary operators that each acts non-trivially
only on a subspace spanned by two computational basis states.

2. The second construction combines the first construction with the results of the previous section to show that
an arbitrary unitary operator may be expressed exactly using single qubit and cNoT gates.

3. Single qubit operation may be approximated to arbitrary accuracy using the Hadamard, phase, and /8 gates.
This in turn implies that any unitary operation can be approximated to arbitrary accuracy using Hadamard,
phase, cNoOT, and 7/8 gates.

4.5.1 Two-level unitary gates are universal

Consider a unitary matrix U which acts on a d-dimensional Hilbert space. We explain how U may be decompsed
into a product of two-level unitary matrices; unitary matrices which act non-trivially only on two-or-fewer vector
components.

Suppose that U has the form

a d g
U=|b e h
c [
We will find two-level unitary matrices Uy, . .., Us such that
UsU,ULU = 1.

It follows that
U =uiuiul.

Ui, Uz and Us are all two-level unitary matrices, and it is easy to see that their inverse, U{r , U; and Ug are also
two-level unitary matrices.

Use the following procedure to construct Us: if b = 0 then set

UlE

O O =
o = O
= O O

if b = 0 then set

a* b* 0
Vi0al2+pl2 y/lal2+[b]2

U1 = b —a 0
V0al2Z+b2  y/]al2+b[?

0 0 1
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Thus

a d g/
Uu=|0 € I
el f/ j/

The key point to note is that the middle entry in the left had comlumn is zero.

Now apply a similar procedure to find a two-level matrix U, such that UsU; U has no entry in the bottom left corner.
That is, if ¢ = 0 we set

a* 0 0
U= 0 1 0|,
0 0 1
while if ¢’ # 0 then we set
\/\a’\2+|c’|2 \/\a’\2+|c’|2
UQ = 0 1 0

’ ’
c —a

2 0
\/\a'\2+|c’|2 \/‘a/‘2+|c/|2

In either case, when we carry out the matrix multiplication we find that

1 d// g//
U2 U1 U= 0 6” h”
0 f/l j//

Since U, U; and Us are unitary, it follows that UsU; U is unitary, and thus d” = ¢’ = 0 since the first row must have
norm 1. Finally, set

1 0 0
U3 = 0 e/l* f//*
O h//* jl/*

It is now easy to verify that UsUsU U = I, and thus U = UlT Ug U?T , which is a decomposition of U into two-level
unitaries.

More generally, suppose U acts on a d-dimensional space. Then, in a similar fashion to the 3 x 3 case, we can
find two-level unitary matrices Uy, . .., Ug—1 such that the matrix Uy_1U4_5 ... U U has a one in the top left hand
corner, and all zeroes elsewhere in the first row and column. We then repeat this procedure for thed — 1 byd — 1
unitary submatrix in the lower right hand corner of Uy_1Ug4_5...U U, ans so on, with the end result that an
arbitrary d x d unitary matrix may be written

U=V,...V;

where the matrices V; are two-level unitary matrices,and k < (d — 1)+ (d—2)+ ...+ 1 =d(d—1)/2.

For specific unitry matrices, it may be possible to find much more efficient decompositions, but as you will now
show there exist matrices which cannot be docomposed as a product of fewer than d-1 two-level unitary matrices!

4.5.2 Single qubit and cNOT gates are universal

Now we show that single qubit and cNOT gates together can be used to implement an arbitrary two-level unitary
operation on the state space of n qubits.

Suppose U is a two-level unitary matrix on an n qubit quantum computer. Suppose in particular that U acts non-
trivially on the space spanned by the computational basis state |s) and |t), where s = s1...s, andt = t; ...t, are
the binary expansions for s and ¢. Let U be the non-trivial 2 x 2 unitary submatrix of U; U can be thought of as a
unitary operator on a single qubit.
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Our immediate goal is to construct a circuit implementing U, built from single qubit and cNoT gates. To do this, we
need to make use of Gray codes. Suppose we have distinct binary numbers, s and ¢. A Gray code connecting s and ¢
is a sequence of binary numbers, starting with s and concluding with ¢, such that adjacent mumbers of the list differ
in exactly one bit. For instance, with s = 101001 and ¢ = 110011 we have the Gray code

0 0 0

—

1 1
1 1
1 0
1 0

_ o O
o O O

1
1
1

Let g; through g, be the elements of a Gray code connecting s and ¢, with ¢ = s and ¢,,, = . Note that we can
always find a Gray code such that m < n + 1 since s and ¢ can differ in at most n locations.

The basic idea of the quantum circuit implementing U is to perform a sequence of gates effecting the state changes
lg1) — |g2) — ... — |gm—1), then to perform a controlled-U operation, with the target qubit located at the single
bit where g,,,_1 and g,, differ, and then to undo the first stage, transforming |g,,—1) — |[gm—2) — ... — |g1)-

A more precies description of the implementation is as follows. The first step is to swap the state |g1) and |g2).
Suppose g1 and g9 differ at the ith qubit, conditional on the values of the other qubits being identical to those in
both g1 and go. Next we use a controlled operation to swap |g>) and |g3). We continue in this fashion until we swap
|gm—2> with |gm—1>-

l91) = lgm-1)
l92) = lgn)
gm—1) = |gm-2)
Suppose gn—_1 and g, differ in the jth bit. We apply a controlled-U operation with the jth qubit as target, con-

ditional on the other qubits having the same values as appear in both ¢,,, and g¢,,—1. Finally, we complete the U
operation by undoing the swap operations.

eg)
Suppose we wish to implement the two-level unitary transformation
[ 00 00 0 0 ¢ |
01 00 0 O0O0TDO
0 01 00 0 OO
U — 0 001 00 0O
10 0001 O0O0O0
00000 1UO0TDO0
0 0000 O0OT1FO
| b 00 0 0 0 0 d |
a, b, c and d are any complex numbers such that U = [ Z ccl } is a unitary matrix. We write a Gray code connecting
000 and 111:
A B C
0 0 O
0 0 1
0 1 1
1 1 1

From this we read off the required circuit, shown in Figure 4.16. The first two gates shuffle the states so that |000)
gets swapped with |011). Next the operation U is applied to the first qubit of the states |011) and |111), conditional
on the second and third qubits being in the state |11). Finally, we unshuffle the states, ensuring that |011) gets
swapped back with the state |000).

Returning to the general case, we see that implementing the two-level unitary operation U requires at most 2(n —
1) controlled operations to swap |g1) with |g,,—1) and then back again. Each of thes controlled operations can
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be realized using O(n) single qubit and cNoT gates; the controlled-U operation also requires O(n) gates. Thus,
implementing U requires O(n?) single qubit and cNoT gates.

2"-dimensional state space of n qubits may be written as a product of O(22") = O(4™) two-level unitary operations.
Combining these results, we see that an arbitrary unitary operation on n qubits can be implemented using a circuit
containing O(n?4™) single qubit and cNoT gates. Obviously, this construction does not provide terribly efficient
quantum circuits. However, the construction is close to optimal in the sense that there are unitary operations that
require an exponential number of gates to implement. Thus, to find fast quantum algorithms we will clearly need a
different approach that is taken in the universality construction.

4.5.3 A discrete set of universal operations

No straightforward method is known to implement all these gates in a fashion thich is resistant to errors. For-
tunately, in this section we’ll find a discrete set of gates which can be used to perform universal quantum com-
putation, and in Chapter 10 we’ll show how to perform these gates in an error-resistant fashion, using quantum
error-correcting codes.

Approximating unitary operators

A discrete set of gates can’t be used to implement an arbitrary unitary operation exactly, since the set of unitary
operations is continuous. Rather, it turns out that a discrete set can be used to approximate any unitary operation.

Suppose U and V are two unitary operators on the same state space. U is the target unitary operator that we wish
to implement, and V is the unitary operator that is actually implemented in practice. We define the error when V is
implemented instead of U by

EU,V) =max||(U = V)|$)l

where the maximum is over all normalized quantum states |¢)) in the state space.

50



Box 4.1: Approximating quantum circuits

Suppose a quantum system starts in the state |¢/), and we perform either the unitary operation U, or V.
Following this, we perform a measurement. Let M/ be a POVM element associated with the measure-
ment, and let Py (or Py) be the probability of obtaining the corresponding measurement outcome if
the operation U (or V') was performed. Then

|Py — Py| = [(|UTMUp) — (0|VIMV ).

Let |A) = (U — V)|)).

[Py — Py (W UTM[A) — (A]MV [)]
[(WIUTM|A)| + [(AIMV )] (o £@UTMV]y))
A TIAME C A= (]A))

2E(U,V).

IN A CIA

The inequality |Py — Py| < 2E(U,V) gives quantitative expression to the idea that when the error
E(U,V) is small, the difference in probabilities between measurement outcomes is also small.

Suppose we perform a sequance V7, Vs, ..., V,, of gates intended to approximate some other sequence
of gates, U1, Us, . .., Uy, Then it turns out that the error caused by the entire sequence of imperfect gate
is at most the sum of the errors in the individual gates,

E(UnUp-1 ..U, Vi Vi1 ... Vi) < > B(U;, Vj).

=1
To prove this we start with the case m = 2. Note that for some state |¢)) we have

E(UUy,VaVi) = [[(U2Ur = VaVi|y))||
= |(U2Ur = Valh)[h) + (VaUr = VaVi)|) .

Using the triangle inequality |||a) + |b)|| < |||a)]| + |||b)||, we obtain

E(UxU1,VoV1) = [[(Uz = Va)UL|9)|| + ||Va(Ur — Vi) ) ||
= E(U,Va2) + E(Uy, V1),

which was the desired result. The result for general m follows by induction.

This measure of error has the interpretation that if £(U, V') is small, then any measurement performed on the state
V|¢) will give approximately the same measurement statistis as a measurement of U |¢)), for any initial state |¢)).
More precisely, we show that if M is a POVM element in an arbitrary POVM, and Py (or Py) is the probability of
obtaining this outcome if U ( or V') were performed with a starting state |)), then

|Py — Py| < 2E(U, V).

Thus, if E(U, V) is small, then measurement outcomes occur with similar probabilities, regardless of whether U or
V were performed. If we perform a sequence of gates V1, ..., V,, intended to approximate some other sequence of
gates Uy, ..., Uy, then the errors add at most linearly,

E(UmUm—l cee Ula vam—l s Vl) < ZE(UJa ‘/j)
j=1

Above approximation results are extremely useful. Suppose we wish to perform a quantum circuit containing m
gates, U; through U,,,. Unfortunately, we are only able to approximate the gate U; by the gate V. In order that the
probabilities tolerance A > 0 of the correct probabilities, it suffices that E(U;, V;) < A/(2m), by above results.
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Universality of Hadamard + phase + cNOT + 7/8 gates

We’re going to consider two different discrete sets of gates, both of which are universal. The first set, the standard
set of universal gates, consists of the Hardamard, phase, controlled-NoT and 7/8 gates. The second set of gates we
consider consists of the Hadamard gates, phase gate, the controlled-NoT gate, and the Toffoli gate.

We begin the universality proof by showing that the hadamard and 7 /8 gates can be used to approximate any singel
qubit unitary operation to arbitrary accuracy. Consider the gates T'and HT' H. T is, up to an unimportant global
phase, a rotation by 7/4 radians around the Z axis on the Bloch sphere, while HT H is a rotation by 7/4 radians
around the Z axis on the Bloch sphere. Composing these two operations gives, up to a global phase,

exp (fizZ) exp (fiEX) = [cos zI — isinzZ] [cos T 1 sin EX}
8 8 8 8 8 8

cos? g[ -1 [cosg (X +Z) +sin gY} sing

This is a rotation of the Bloch sphere about an axis along 77 = (cos g, sin §, cos §) with corresponding unit vector
7, and through an angle 0 defined by cos(6/2) = cos® %.That is, using only the Hadamard and 7 /8 gates we can
construct R (). Moreover, this § can be shown to be an irrational multiple of 27. Proving this latter fact is a little
beyond our scope.

Next, we show that repeated iteration of R; () can be used to approximate to arbitrary accuracy any rotation R, («).
To see this, let § > 0 be the desired accuracy, and let N be an integer larger thatn 27/J. Define 6, so that 8, € [0, 2)
and 0, = (kf) mod 27. Then the pigeonhole principle implies that there are distinct j and % in the range 1,..., N
such that |6, — ;| < 27/N < 6. Assume that k£ > j, so we have §,_; < . Since j # k and 6 is an irrational
multiple of 2 we must have 0 _; # 0. It follows that the sequence 6;(;,_ ;) fills up the interval [0, 27) as [ is varied,
so that adjacent members of the sequence are no more than ¢ apart. It follows that for any e > 0 there exists an n
such that .

E(Rj(a), Ra(0)") < 3
We are now in position to verify that any single qubit operation can be approximated to arbitrary accuracy using
the Hadamard and /8 gates. For any «

HR;L(Oé)H == Rm(()&),

where 772 is a unit vector in the direction (cos T, —sin g, cos §), from which it follows that

B(Ru(0). Rar(6)") < 5.
But an arbitrary unitary U on a single qubit may be written as
U = Ra(B) R (7)Ra(9),
upto an unimportant global phase shift. Thus
E(U,Ry(0)" HR#(0)"*HR:(0)™) < e.

That is, given any single qubit unitary operator U and any ¢ > 0 it is possible to approximate U to within € using a
circuit composed of Hadamard gates and 7 /8 gates alone.

Since the /8 and Hadamard gates allow us to approximate any single qubit unitary operator, it follows from the
arguments of Section 4.5.2 that we can approximate any m gate quantum circuit, as follows. Given a quantum
circuit containing m gates, we may approximate it using Hadamard, controlled-Not and 7 /8 gates. If we desire an
accuracy of € for the entire circuit, then this may be achieved by approximating each single qubit unitary using the
above procedure to within €/m and applying the chaining inequality to obtain an accuracy of € for the entire circuit.

How efficient is this procedure for approximating quantum circuits using a discrete set of gates?

eg) Suppose that approximating an arbitrary single qubit unitary to within a distance ¢ were to require 2(2'/¢) gates
from the discrete set. Then to approximate the m gate quantum circuit considered in the previous paragraph would
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require 2(m2™/¢) gates, an exponential increase over the original circuit size! Fortunately, the rate of convergence
is much better than this. Intuitively, it is plausible that the sequence of angles ¢, ‘fills in’ the interval [0, 27) in a
more or less uniform fashion, so that to approximate an arbitrary single qubit gate ought to take roughly ©(1/¢)
gates from the discrete set.

# of gates to approximate an m gate circuit to accuracy € — ©(m?/e).

However, a much faster rate of convergence can be proved. The Solovay-Kitaev theorem implies that an arbitrary
single qubit gate may be approximated to an accuracy € using O(log®(1/¢)) gates from our discrete set, where cis a
constant approximately equal to 2. — O(m log®(m/e))

To sum up, we have shown that the Hadamard, phase, controlled-NoT and 7/8 gates are universal for quantum
computation in the sense that given a circuit containing cNoTs and arbitrary single qubit unitaries it is possible to
simulate this circuit to good accuracy using only this discrete set of gates.

4.5.4 Approximating arbitrary unitary gates is generically hard

We’ve seen that any unitary transformation on n qubits can be built up out of a small set of elementary gates.
Is it always possible to do this efficiently? In fact, most unitary transformations can only be implemented very
inefficiently.

How myny gates does it take to generate an arbitrary state of n qubits? A simple counting argument shows that this
requires exponentially many operations, in general.

Suppose we have g different types of gates available, and each gate works on at most f input qubits. f and g may be

considered to be constants. Suppose we have a quantum circuit containg m gates, starting from the computational
g9

basis state |0)®". For any particular gate in the circuit there are therefore at most [ Z = O(n'9) possible
choices. It follows that at most O(n/9™) different states may be computed using m gates.

Suppose we wish to approximate a particular state, |¢), to within a distance epsilon. The space of state vectors of n
qubits can be regarded as just the unit (2" ™! — 1)-sphere. Suppose the n qubit state has amplitudes 1); = X; + Y
of the jth amplitude. The normalization condition for quantum states can be written 3 (X 32 + Yf) = 1, which is

just the condition for a point to be on the unit sphere in 2" *! real dimensions, that is, the unit (27*! — 1)-sphere.

Similarly, the surface area of radius € near |¢)) is approximately the same as the volume of a (27! — 2)-sphere of
radius e. Using the formular Sy (1) = 27(*+1/2¢:k /T ((k + 1) /2) for the surface area of a k-sphere of radius r, and
Vi(r) = 20D/ 20641 J[(k 4+ 1)T((k + 1)/2)] for the volume of a k-sphere of radius r, we see that the number of
pathes needed to cover the state space goes like

52n+1_1(1> B ﬁF(Qn — %)(2n+1 _ 1)
Vant1_o(€) [(2m)e2 -1 ,

where I is the usual generalization of the factorial function. But I'(2™ —1/2) > T"(2")/2", so the number of patches
required to cover the space is at least
1
o(1n).

Recall that the number of pathces which can be reached in m gates is O(nf9™), so in order to reach all the e-patches
we must have

m 1
Oo(n!om) > Q (€2n+11>

m=o(S9)-

which gives us
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That is, there are states of n qubits which take (2" log(1/¢)/log(n)) operations to approximate to within a dis-
tance e. This is exponential in n, and thus is ‘difficult’, in the sense of computational complexity. Furthermore,
this immediately implies that there are unitary transformations U on n qubits which take (2™ log(1/¢€)/log(n))
operations to approximate by a quantum circuit implementing an operation V' such that E(U, V') < e. By contrast,
using our universlity constructions and the Solovay-Kitaev theorem it follows that an arbitrary unitary operation
U on n qubits may be approximated to within a distance € using O(n?4"™ log®(n?4" /¢)) gates.

Thus, to within a polynomial factor the construction for uniersality we have given is optimal; unfortunately, it does
not address the problem of determining which families of unitary operations can be computed efficiently in the
quantum circuit model.

4.5.5 Quantum computational complexity
We present on result about quantum complexity classes, relating the quantum complexity class BQP to the classical
complexity class PSPACE. Our discussion of this result is rather informal.

BQP is an essentially quantum complexity class consisting of those decision problems that can be solved with
bouded probability of error using a polynomial size quantum circuit.

One of the most significant results in quantum computational complexity is that BQP C PSPACE. It is clear that
BPP C BQP, where BPP is the classical complexity class of decision problems which can be solved with bounded
probability of error using polynomial time on a classical Turing machine. Thus we have the cahin of inclusions BPP
C BQP C PSPACE. Proving that BQP # BPP - intuitively the statement that quantum computers are more powerful
than classical computers - will therefore imply that BPP # PSPACE. However, it is not presently known, and proving
this would represent a major breakthrough in classical computer science.

Why is it that BQP C PSPACE? Here is an intuitive outline of the proof. Suppose we have an n qubit quantum
computer, and do a computation involving a sequence of p(n) gates. Supposing the quantum circuit starts in the
state |0) we will explain how to evaluate in polynomial space on a classical computer the probability that it ends up
in the state ). Suppose the gates that are executed on the quantum computer are, in order, Uy, Us, . . ., Up(,). Then
the probability of ending up in the state |y) is the modulus squared of

<y|Up(n) e U2U1|0>.

This quantity may be estimated in polynomial space on a classical computer. The basic idea is to insert the complete
relation ) |z)(z| = I between each term, obtaining

<y\Up(n) ...U2U1|0> = Z <y|Up(n)|Jip(n),1><a)‘p(n),1|Up(n),1 ...U2|.%‘1><$1|U1|0>.

L1-e3Tp(n)—1

It is clear that each term in the sum can be calculated to high accuracy using only polynomial space on a classical
computer, and thus the sum as a whole can be calculated using polynomial space,

4.6 Summary of the quantum circuit model of computation

‘quantum computer’ = ‘quantum circuit model of computation’

The key elements of the quantum circuit mdel of computation:

Classical resources:
A suitable state space:

Ability to prepare states in the computational basis
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Ability to perform quantum gates:

Ability to perform measurements in the computaional basis:
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Chapter 8

Quantum noise and quantum operations

Until now we have dealt almost solely with dynamics of closed quantum systems, that is, with quantum system that
do not suffer any unwanted interactions with the outside world. However, real systems suffer from unwanted inter-
actions with the outside world. These unwanted interactions show up as noise in quantum information processing
systems. We need to understand and control such noise processes in order to build useful quantum information
processing systems.

The third part begins with the description of the quantum operation formalism, a powerful set of tools enabling us
to describe quantum noise and the behavior of open quantum systems.

The quantum operation formalism is very powerful, in that it simultaneously addresses a wide range of physical
scenarios. It can be used to describe:

« nearly closed systems which are weakly coupled to their environment.

« systems which strongly coupled to their environment.

+ closed systems that are opened suddenly and subject to measurement.
Another advantage of quantum operations in applications to quantum computation and quantum information is
that they are especially well adapted to describe discrete state changes, that is, transformations between an initial
state p and final state p’, without explicit reference to the passage of time. This discrete-time analysis is rather
different to the tools traditionally used by physicists for the description of open quantum systems ( such as ‘mas-

ter equations’, ‘Langevin equations’, and ‘stochastic differential equations’ ), which tend to be continuous-time
descriptions.

8.1 Classical noise and Markov processes

To understand noise in quantum systems it is helpful to build some intuition by understanding noise in classical
systems.

Suppose py and p; are the initial probabilities that the bit is in the states 0 and 1, respectively. Let gy and g; be the
corresponding probabilities after the noise has occurred. Let X be the initial state of the bit, and Y the final state of
the bit. Then the law of total probability states that

p(Y =y)=> p(Y =y|X =2)p(X =), (8.1)
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The conditional probabilities p(Y = y|X = z) are called transition probabilities, since they summarize the changes

that may occur in the system.
90 l=p p Po
= . 8.2
{m} [ p 1—ple} (8:2)

Imagine that we are trying to build a classical circuit to perform some computational task : a Markov Process
X — Y — Z (independent process cf. Markovian an non-Markovian). Physically, this assumption of Marvovicity
corresponds to assuming that the environment causing the noise in the first NOT gate, a reasonable assumption
given that the gates are likely to be located a considerable distance apart in space.

Noise in classical systems can be described using the theory of stochastic processes. Often, in the analysis of multi-
stage processes it is a good assumption to use Markov processes. For a single stage process the output probabilities
¢ are related to the input probabilities p'by the equation

7= Ep, (8.3)

where F is a matrix of transition probabilities which we shall refer to as the evolution matrix. Thus, the final state of
the system is linearly related to the starting state. This feature of linearity is echoed in the description of quantum
noise, with density matrices replacing probability distributions.

If p'is a valid probability distribution, then E'p must also be a valid probability distribution. Thus, £ must be
satisfied
1. the positivity requirement (non-negative £)

2. completeness requirement (unity sum of F)

8.2 Quantum operations

8.2.1 Overview

The quantum operations formalism is a general tool for describing the evolution of quantum systems in a wide vari-
ety of circumstances, including stochastic changes to quantum states, much as Markov processes describe stochastic
changes to classical states. Just as a classical state is described by a vector of probabilities, we shall describe quantum
states in terms of the density operator p. Similar to (8.3), quantum states transform as

p=Ep) (8.4)
The map £ in this equation is a quantum operation.

eg)

+ Unitary transformation &(p) = UpU'
+ Measurement &,,(p) = M, pM},
The quantum operation captures the dynamic change to a state which occurs as the result of some physical process;

p is the initial state before the process, and £(p) is the final state after the process occurs, possibly up to some
normalization factor.

We shall develop three separate ways of understanding quantum operations.

1. The fist method is based on the idea of studying dynamics as the result of an interaction between a system
and an environment, much as classical noise was described in Section 8.1. This method is concrete and easy
to relate to the real world. However, it suffers from the drawback of not being mathematically convenient.
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2. The second method of understanding quantum operations, completely equivalent to the first, overcomes this
mathematical inconvenience by providing a powerful mathematical representation for quantum operations
known as operator-sum representation. This method is rather abstract, but is very useful for calculations and
theoretical work.

3. The third approach to quantum operations, equivalent to the other two, is via a set of physically motivated
axioms that we would expect a dynamical map in quantum mechanics to satisfy. The advantage of this ap-
proach is that it is exceedingly general. However, it does not offer the calculational convenience of the second
approach, nor the concrete nature of the first.

8.2.2 Environments and quantum operations

Consider the unitary transform as a box into which the input state enters and from which the output exits. For our
purpose, the interior workings of the box are not of concern to us; it could be implemented by a quantum circuit,
or by some Hamiltonian system, or anything else.

A natural way to describe the dynamics of an open system : principal system « environment ( which together form
a closed quantum system)

Suppose we have a system in state p, which is sent into a box which is coupled to an environment. In general the
final state of the system, £(p), may not be related by a unitary transformation to the initial state p. We assume that
the system-environment input state is a product the environment, and thus we perform a partial trace over the
environment to obtain the reduced state of the system alone:

S(P) = trenv [U(P ® penv)UT] (8.6)

Of course, if U does not involve any interaction with the environment, the £(p) = UpUT where U is the part of U
which acts on the system alone.

An important assumption is made in this definition - the system and the environment start in a product state.
In general, of course, this is not true. Quantum systems interact constantly with their environments, building up
correlations.(— Heat exchange)

However, in many cases of practical interest it is reasonable to assume that the system and its environment start out
a product state. Ideally, the correlations will be completely destroyed, leaving the system in a pure state. Even if
this is not the case, we shall see later that the quantum operations formalism can even describe quantum dynamics
when the system and environment do not start out n a product state.

How can U be specified if the environment has nearly infinite degrees of freedom? It turns out that in order for this
model to properly describe any possible transformation p — &(p), if the principal system has a Hilbert space of d
dimensions, then it suffices to model the environment as being in a Hilbert space of no more than d?> dimensions.
It turns out not to be necessary for the environment to start out in a mixed state.

eg) The two qubit quantum circuit in which U is a controlled-NoT gate, with the principal system the control qubit,
and the environment initially in the state pe,y = |0)(0| as the target qubit. Inserting into Equation (8.6), it is easily
seen that

E(p) = PopPo + PipP, (8.7)

where Py = |0)(0| and P; = |1)(1] are projection operators.Intuitively, this dynamics occurs because the environ-
ment stays in the |0) state only when the system is |0); otherwise the environment is flipped to the state |1).

It is convenient to generalize the definition somewhat to allow different input and output spaces.

eg) A single qubit(A) is prepared in an unknown state p. A three-level quantum system (‘qutrit’) labelled B is
prepared in some standard state |0), and then interacts with system A via a unitary interaction U, causing the joint
system to evolve into the state U(p ® |0)(0|)UT. We then discard system A, leaving system B in some final state p'.
The quantum operation £ describing this process is

E(p) = p' = tra(U(p® [0)(0))UT) (8.8)
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Notice that £ maps density operators of the input system, A, to density operators of the output system, B. Most
of our discussion of quantum operations below is concerned with quantum operations ‘on’ some system A, that is,
they map density operators of system A to density operators of system A. The quantum operation £ defining this
process simply maps p to p'.

8.2.3 Operator-sum representation

The operator-sum representation : essentially re-statement of Equation (8.6) explicitly in terms of operators on the
principal system’s Hilbert space alone.

Let |ej) be an orthonormal basis for the state space of the environment, and let peny = |eg) (€| be the initial state
of the environment. There’s no loss of generality in assuming that the environment starts in a pure state. (Section
2.5). Equation (8.6) can be rewritten as

E(p) = Y (exlUp @ leo)(eol] Utlex) (8.9)

k
= 3" BB, (8.10)
k

where E;, = (eg|Ulep) is an operator n the state space of the principal system. Equation (8.10) is known as the
operator-sum representation of £. The operators { Ej, } are known as operator elements for the quantum operation
£. The operator-sum representation is important.

The operation elements satisfy an important constraint known as the completeness relation, analogous to the com-
pleteness relation for evolution matrices in the description of classical noise.

Classical case The completeness relation arises from the requirement that probability distributions be normalized
to one.

Quantum case The completeness relation arises from the analogous requirement that the trace of £(p) be equal to
one

1 = tr(&(p) (8.11)

tr (Z Eka1> (8.12)
k

tr (Z E;Ekp> : (8.13)
k

Since this relationship is true for all p it follows that we must have

S BB, =1 (8.14)
k

This equation is satisfied by quantum operations which are trace-preserving. There are also non-trace-preserving
quantum operations, for which & E,ZEk < I, but they describe processes in which extra information about what
occurred in the process is obtained by measurement.

Maps £ of the form of (8.10) for which >, E,:Ek < I provide our second definition of a quantum operation.
(including cases for non-trace-preserving operations)

The operator-sum representation is important:
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« it gives us an intrinsic means of characterizing the dynamics of the principal system. It describes the dynamics
of the principal system without having to explicitly consider properties of the environment; all that we need
to know is bundled up into the operators Ej, which act on the principal system alone.

+ This simplifies calculations and often provides considerable theoretical insight.

+ Many different environmental interactions may give rise to the same dynamics on the principal system.
The properties of the operator-sum representation:

1. What’s a physical interpretation, in terms of the operation elements .
2. How an operator-sum representation can be determined for any open quantum system (measurement).

3. How to construct a model open quantum system for any operator-sum representation(modelling).
Physical interpretation of the operator-sum representation

Imagine that a measurement of the environment is performed in the basis |e;) after the unitary transformation U
has been applied. Applying the principle of implicit measurement, we see that such a measurement affects only the
state of the environment, and does not change the state of the principal system.

Let py, be the state of the principal system given that outcome k occurs, so

pr. o tri(lex) (ex|U(p @ leo) (e )UT|ex)er]) = (exlU(p @ [eo)(eo)UT[ex) (8.18)
= EwpEl. (8.19)
Normalizing py,
EypEf
pr— Pk (8.20)
tr(ExpEy)
we find the probability of outcome k is given by
p(k) = tr(lex)(erlU(p @ leo){ea U ex) (ex]) (8.21)
= tr(EppE]) (8.22)
Thus
E(p) =Y pk)px =Y _ ExpE]. (8.23)
k k

This gives us a beautiful physical interpretation of what is going on in a quantum operation with operation ele-
ments {E} }. The action of the quantum operation is equivalent to taking the state p and randomly replacing it by

Ey pE,]; /tr {Ek pEH , with probability tr {Ek pEkq . In this sense, it is very similar to the concept of noisy commu-
nication channels used in classical information theory; in this vein, we shall sometimes refer to certain quantum
operations which describe quantum noise processes as being noisy quantum channels.

eg) Figure 8.4

Suppose we choose the state |e;) = |Og) and |1g). This can be interpreted as doing a measurement in the computa-
tional basis of the environment qubit. Doing such a measurement does not change the state of the principal system.
The controlled-NoT may be expanded as

U =10p0g){0p0g|+ [0plg)0ple + [1plg)(1p0g| + [1p0g)(1p1g|. (8.24)
Ey, = <0E|U|0E> = ‘0p><0p| (8.25)
E, = (1g|U|0g) = |1p){1p| (8.26)
and therefore
E(p) = PopPo + PipPy, (8.27)
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Measurement and the operator-sum representation

How to determine an operator-sum representation for an open quantum system — the unitary system-environment
transformation operation U and a basis of state |e;,) for the environment, the operation elements are

Ey = (er|Uleg). (8.28)

It is possible to extend this result even further by allowing the possibility that a measurement is performed on
the combined system-environment after the unitary interaction, allowing the acquisition of information about the
quantum state. — non-trace-preserving quantum operations, thatis, maps £(p) > & Bk pEk.Jr such that ) 2 EkTEk <
1.

Suppose:
p — initial state (Q): principal system, E: environment)
The joint state of the system is initially
p°F = pwo. (8.29)

After some U (: unitary interaction) a projective measurement (F,,) is performed n the joint system.

The final state of QF is given by

P, P,
U(poo)U ’ (8.30)
tr [PnU(p @ 0)UT Py
given that measurement outcome m occurred. Tracing out  we see that the final state of () alone is
trg [PnU(p © 0)UT P,
i [PnUp ® 9)UT B (8.31)

tr[PnU(p @ o)UTP,]

This representation of the final state involves the initial state o of the environment, the interaction U and the mea-
surement operators P,,. Definea map

Em(p) = trg [PnU(p @ 0)UT P, ], (8.32)

so the final state of @ alone is &,,(p)/tr [E,,(p)]. Note that tr [£,,(p)] is the probability of outcome m of the mea-
surement occurring.

Leto = >, q;lj )j be an ensemble decomposition for o. Introduce an orthonormal basis |e;) for the system E.
Note that

Em(p) = D qjtre [lex)(exPmlU(p @ [5) (1)U Prler) (exl|] (8.33)
ik
= Y EjpEl, (8.34)
ik
where
Eji = /g{ex| PnU|j)- (8.35)

This equation is a generalization of Equation (8.10), and gives an explicit means for calculating the operators ap-
pearing in an operator-sum representation for &,,. The quantum operation &, can be thought of as defining a kind
of measurement process generalizing the description of measurements (Ch. 2)

System-environment models for any operator-sum representation
Given a set of operators { £} } is there some reasonable model environmental system and dynamics which give rise

to a quantum operation with those operation element?

For any trace-preserving or non-trace-preserving quantum operation, £, with operation elements { F }, there exists
a model environment, F, starting in a pure state |eg), and model dynamics specified by a unitary operator U and
projector P onto E such that

E(p) = tre [PU(p x |eo)(eo )UTP] . (8.36)
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Suppose first that £ — a trace-preserving quantum operation (elements { £, }) satisfying the completeness relation
S EVEy=1U?

Let |e)) be an orthonormal basis set for F, in one-to-one correspondence with the index & for the operators Fj. We
are trying to find a model environment giving rise to a dynamics described by the operation elements { £}, }. Define
an operator U which has the following action on states of the form |¢)|eq),

Uly)leo) ZEkWJ lex), (8.37)

where |eg) is just some standard state of the model environment. For arbitrary states |¢) and |¢) of the principal
system,
(W {eolUTUld)eo) = D _(|Ex" Erlo) = (¥]¢) (8.38)
k
by the completeness relation. Thus the operator U can be extended to a unitary operator acting on the entire state
space of the joint system.

trE[ (p X |€0 60| Uv'r ZEkak s (8.39)

so this model provides a realization of the quantum operation £ w1th operation elements { E}, }.

Non-trace-preserving quantum operation — A more interesting generalization of this construction is the case of
a set of quantum operations {&,,} corresponding to possible outcomes from a measurement, so the quantum op-
eration ) &, is trace-preserving, since the probabilities of the distinct outcomes sum to one, 1 = > p(m) =
tr [(3,,, Em)(p)] for all possible inputs p.

Box 8.1: Mocking up a quantum operation

8.2.4 Axiomatic approach to quantum operations

We are going to switch to a different viewpoint now, where we try to write down physically motivated axioms which
we expect quantum operation to obey. — more abstract.

First, we're going to forget everything we’ve learned about quantum operations, and start over by defining quantum
operations according to a set of axioms, which wel” justify on physical grounds. That done, we’ll prove that a map £
satisfies these axioms iff it has an operator-sum representation, thus providing the missing link between the abstract
axiomatic formulation, and our earlier discussion.

We define a quantum operator £ as a map from the set of density operators of the input space ()1 to the set of density
operators for the output space ()2, with the following three axiomatic properties:
« Al: First, tr [£(p)] is the probability that the process represented by £ occurs, when p is the initial state. Thus,
0 < tr[€(p)] < 1 for any state p.

+ A2: Second, £ is a convex-linear map on the set of density matrices, that is, for probabilities {p;},

& (ZPsz) = Zpig(ﬂi) (8.43)

+ A3: Third, £ is a completely positive map. That is, if £ maps density operators of system (); to density
operators of system (3, then £(A) must be positive for any positive operator A. Furthermore, if we introduce
an extra system R of arbitrary dimensionality, it must be true that (Z @ £)(A) is positive for any positive
operator A on the combined system R()1, where 7 denotes the identity map on system R.

62



It is convenient to make the convention that £ does not necessarily preserve the trace property of density matrices,
that tr [p] = 1. Rather, we make the convention that £ is to be defined in such a way that tr [£(p)] is equal to the
probability of the measurement outcome described by £ occurring.

eg) Suppose that we are doing a projective measurement in the computational basis of a single qubit. Then two
quantum operations are used to describe this process, defined by £y(p) = |0)(0|p|0){(0| and &;(p) = |1)(1|p|1)(1].
Notice that the probabilities of the respective outcomes are correctly given by tr [€y(p)] and tr [€1(p)]. With this
convention the correctly normalized final quantum state is therefore

E(p)

= (8.44)
tr[€(p)]
The first property is one of mathematical convenience. In the case where the process is deterministic, that is, no
measurement is taking place, this reduces to the requirement that tr [E(p)] = 1 = tr(p), for all p. (— non-trace-

preserving) A physical quantum operation is one that satisfies the requirement that probabilities never exceed 1,
tr[E(p)] < 1.

The second property stems from a physical requirement on quantum operations.
p=" pipi
i

Then we would expect that the resulting state,

O

E(p)

(p)

tr[€(p)]  p(€)

corresponds to a random select from the ensemble {p(i|E), E(p;)/tr [E(p:)]}> where p(i|E) is the probability that
the state prepared was p;, given that the process represented by £ occurred. Thus, we demand that

£(7) = p(€) S plile) e ©.45)

where p(€) = tr [E(p)] is the probability that the process described by £ occurs on input of p. By Bayes’ rule

pi_ tr[€(pi)lpi

(i[€) =p(5li)p(5) =T © (8.46)

so (8.45) reduces (8.43).

The third property also originates from an important physical requirement, that not only must £(p) be a valid
density matrix (up to normalization) so long as p is valid, but furthermore, if p = pprg is the density matrix of
some joint system of R and @, if £ acts only on (), then £(pr¢g) must still result in a valid density matrix of the joint
system. Formally, suppose we introduce a second system R. Let Z denote the identity map n system R. Then the
map 7 ® £ must take positive operators to positive operators.
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Box 8.2: Complete positivity versus positivity

The transpose operation on a single qubit — preserves positivity of a single qubit.

a b a c
[Cd}i)[bd} (8.47)
This map preserves positivity of a single qubit. However, suppose that qubit is part of a two qubit system

initially in the entangled state
|00) + [11)

V2

and the transpose operation is applied to the first of these two qubits. Then the density operator of the
system after the dynamics has been applied is

(8.48)

(8.49)

[\
SO O
o= O O
oo = O
_ o0 O O

This operator has eigenvalues 1/2, 1/2, 1/2, and —1/2, so this is not a valid density operator. Thus the
transpose operation is an example of a positive map which is not completely positive, that is, it preserves
the positivity of operators on the principal system, but does not continue to preserve positivity when
applied to systems which contain the principal system as a subsystem.

Theorem 8.1. The map & satisfies axioms Al, A2, and A3 iff

E(p) =Y _EipE/, (8.50)

for some set of operators { E; } which map the input Hilbert space to the output Hilbert space, and ), E'E; <.

Proof

Suppose E(p) = 3, EipE;l.
& — Linear, so to check that £ is a quantum operation we need only prove that it is completely positive.

A — a positive operator acting on R(Q).
[t)) — some state of RQ.
def. |¢;) = (Ir @ E;")[4)), we have

(WI(Ir ® ENA(Ir @ EiN[Y) = (6ilAl:) (8.51)
> 0, (8.52)

by the positivity of the operator A. It follows that
W @ E)AP) =D (dilAlgi) > 0, (8.53)

?

and thus for any positive operator A, the operator (Z ® £)(A) is also positive. The requirement >_, E;'E; < I
ensures that probabilities are less than or equal to 1.

Suppose next that £ satisfies axioms Al, A2, and A3. Our aim will be to find an operator-sum representation for £.

R : the same dimension as the original quantum system ().
lir), |ig) : orthonormal bases for R and Q).

Define a joint state |o) of RQ by

la) == Z lir)ig). (8.54)
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The state |a) is a maximally entangled state of the systems R and (). Next, we define an operator ¢ on the state space
of RQ by

o = (Tr ® £)(ja)al). (8.55)
We may think of this as the result of applying the quantum operation £ to one half of a maximally entangled state
of the system R(). — the operator o completely specifies the quantum operator £. That is, to know how £ acts on

an arbitrary state of (), it is sufficient to know how it acts on a single maximally entangled state of () with another
system.

Let [¢)) = >, ¢j|jq) be any state of Q. Define a corresponding state 1) of system R by the equation

[0) = cilin)- (8.56)
J
Notice that
@lold)y = @Y lir)irl @ E(lig)(iql) | [¥) (8.57)
ij
= > acé(lig)ial) (8.58)
ij
= E([) (D). (8.59)
Leto = ). |s;)(s;| be some decomposition of o, where the vector |s;) need not be normalized. Define a map
Ei(|4)) = (ilsq)- (8.60)
This map is a linear map, so E; is a linear operator on the state space (). Furthermore we have
D EI@IET = Y (Wlsi)(sil) (8.61)
(o)) (8.62)
= (). (8.63)
Thus
E()(WI) =Y Eil)(W|E! (8.64)

for all pure states, |1/}, of Q). By convex-linearity it follows that

Ep = Z EipE;T (8.65)

in general The condition 3", ;" E; < T follows immediately from axiom A1 identifying the trace of £(p) with a
probability. O

Freedom in the operator-sum representation

We have seen that the operator-sum representation provides a very general description of the dynamics of an open
quantum system. Is it a unique description?

Consider quantum operations £ and F acting on a single qubit with the operator-sum representations £(p) =
>k Ex pE,T and F(p) = 3 Fi.pF}., where the operation elements for £ and F are defined by

_L_ i1 _Z 11
s-pmwlo ] B wle O 560

65



and
Fy = [0)(0] = [ Do } Fy = [1)(1] = [ - ] . (8.67)

These appear to be very different quantum operations. What is interesting is that £ and F are actually the same
quantum operation. (- Fy = (Ey + F»)/v/2, Fy = (E; — E3)/+/2) Thus,

F(p) = £(p) (8.70)

The operation elements appearing in an operator-sum representation for a quantum operation are not unique. A
random applying either I or Z has the same dynamics of a projective measurement in the {|0), |1)} basis. — Two
very different physical process give rise to exactly the same dynamics for the principal system.

Understanding the freedom in operator-sum representation:

« gives us more insight into how different physical processes can give rise to the same system dynamics

+ is crucial to a good understanding of quantum error-correction.
From (8.10),
E(p) = D (exlUlp®leo){eoll UTler)
k
= EypE]
Z kPLy,
k

where Ej, = (ex|Uleo). Suppose that we supplement the interaction U with an additional unitary action U’ on the
environment alone. Clearly this does not change the state of the principal system. [even they are entangled] We
obtain:

Fy = (ex|(I@U")eo) (8.71)
= Y I ® (ex|U’]e;)] (e |U]eo) (8.72)

J
= > UiEj, (8.73)

J

U}, are the matrix elements of U’ with respect to the basis |ey,)

Theorem 8.2 (Unitary freedom in the operator-sum representation). Suppose {E1, ..., Ey,}and{Fy,...,E,} are
operation elements giving rise to quantum operations £ and F, respectively. By appending zero operators to the
shorter list of operation elements we may ensure that m = n. The & = F iff there exist complex numbers u;; such
that E; = 3 uij Iy, and u;; is an m by m unitary matrix.

proof
Recall the theorem 2.6 Unitary freedom in the ensemble for density matrices. Two sets of vectors |¢;) and |¢p;)
generate the same operator iff

i) = sl i), (8.74)
J

where u;; is a unitary matrix of complex numbers, and |¢;) and |¢;) have the same number of elements. Suppose
{E;} and {F}} are two sets of operation elements for the same quantum operation,y, E;pE;’ = 3 ; FjpF. ;1 for all
p. Define

le) = D lkr)(Eilkq)) (8.75)
k

i) = D k) (Filke)) (8.76)
k
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Recallo = (Zr ® €)(|a)(c|), from which it follows that o =}, [e;)(es| = >_; | fj)(f;], and thus there exits unitary
u;; such that

lei) = > uijl f5)- (8.77)
J
But for arbitrary |¢)) we have
Eily) = (Dles) (8.78)
= D ui(dlf;) (8.79)
J
= > u;Filv) (8.80)
J
Thus
B =Y uiF. (8.81)
J

Conversely, supposing £; and FJ; are related by a unitary transformation of the form E; = > u;; F; — the quantum
operation with operation elements { £;} is the same as the quantum operation with operation elements {F;}. O

Theorem 8.3. All quantum operation € on a system of Hilbert space dimension d can be generated by an operator-sum
representation containing at most d* elements,

M
E(p) = EwpEyl, (8.82)
k=1

where 1 < M < d?.

8.3 Examples of quantum noise and quantum operations

8.3.1 Trace and partial trace

One of the main uses of the quantum operations formalism is to describe the effects of measurement.

Quantum operations formalism can be used to describe both the probability of getting a particular outcome from a
measurement on a quantum system, and also the state change n the system effected by the measurement.

The trace map p — tr [p]- the simplest operation related to measurement.

Hyg, : any input Hilbert space, spanned by an orthonormal basis [1) . . . |d)
Hg, : any dimensional ouput space, spanned by the state |0)

d
E(p) = Z |0) (2lplé) (Ol (8.83)

so that £ is a quantum operation, by Theorem 8.1. (E; = |0)(i|). The quantum operation is identical to the trace
function (|0): unimportant)

The partial trace is a quantum operation.

QR: ajoint system, and we wish to trace out system R.
|7): a basis for system R.
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Define a linear operator F; : Hor — Hg by

E; Z)‘j|%‘>\j> = \ilgi), (8.84)
J

where )\, are complex numbers, and |g;) are arbitrary states of system (). Define £ to be the quantum operation
with operation elements { E; }, that is,

E(p) =Y EipE;'. (8.85)
Bye Theorem 8.1, this is a quantum operation from system Q)R to system (). Notice that

E(p@ )(J']) = pdjj =tr[p@ |5){']] (8.86)

where p is any Hermitian operator on the state space of system @), and |j) and |;’) are members of the orthonormal
basis for system R. By linearity of £ and trg, it follows that £ = trg.

8.3.2 Geometric picture of single qubit quantum operations

The state of a single qubit can always be written in the Bloch epresentation,
I+7-F
= SR

where 7 is a three component real vector. Explicitly, this gives us

o (8.87)

1 14+r, ry—iry
P=5 Ty +iry 1—r, |’ (8.88)

An arbitrary trace-preserving quantum operation is equivalent to a map of the form
75 = MP+ @, (8.89)

where M is a 3 x 3 real matrix, and ¢is a constant vector. This is an affine map, mapping the Bloch sphere into itself.

Affine map

Any transformation preserving collinearity and ratios of distances. A affine map may also be thought of
as a shearing transformation

F : R"—->R"
F@p) = Ap+q

To see this, suppose the operators E; generating the operator-sum representation for £ are written in the form

3
E;, = o;1 + Zaikok (8.90)
k=1

Then
M, = Z [aljafk +ai; * ay + <|Oél|2 — Z al;ﬂ?};) Ok +1 Zejkp(alafp —ofap) (8.91)
1 p

p

20 ejpnajai, (8.92)
L Jjp

Ck
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The meaning of the affine map is made clearer by considering the polar decomposition of the matrix M, M =
U|M |, where U is unitary.
M — real
| M| — real and Hermitian (symmetric)
U — real (orthogonal), UTU = T
Thus we may write
M =08, (8.93)

where O is a real orthogonal matrix with determinant 1, representing a proper rotation, and S is a real symmetric
matrix. Equation(8.89) is just a deformation of the Bloch sphere along principal axes determined by S, followed by
a proper rotation due to O, followed by a displacement due to ¢.

8.3.3 Bit flip and phase flip channels

The bit flip channel flips the state of a qubit from |0) to |1) (and vice versa) with probability 1 — p. It has operation
elements

EO:\/[)[:\/[;{(I) (1)] Elz\/l—pX:\/l—p“) (1)} (8.94)

E(p) = % [+ 71X + (20— Dr,Y + (2p— 1)r.7]

The contraction of the Bloch sphere illustrated in figure 8.8 cannot increase the norm of the Bloch vector, and
therefore we can immediately conclude that tr [p?] can only ever decrease for the bit flip channel.

The phase flip channel has operation elements

Eo:\/131=\/23{(1) (1)] E1=\/1—PZ=\/1—Z?[(1) _01} (8.95)

1

€lp) =5

I+ 2p—1rs X+ 2p—1)r,Y +r,Z7]

Ifp= %?
Using the freedom in the operator-sum representation this operation may be written [cf. (8.66), (8.67)]
p—)g(p) :PopP0+P1pP1, (896)

where Py = |0)(0], P, = |1)(1], which corresponds to a measurement of the qubit in the |0), |1) basis, with the
result of the measurement unknown. Using the above presentation it is easy to see that the corresponding map on
the Bloch sphere is given by

(rg,7y,75) — (0,0,75) (8.97)

The bit-phase flip channel has operation elements

E():\/I)I:\/ﬁ{(l) (1)] Elz\/l—pY:\/l—p[é _01} (8.98)

E(p) = % [+ 2p—DraX + 1Y + (2p— 1)r.2]
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8.3.4 Depolarizing channel

The depolarizing channel is an important type of quantum noise. Imagine we take a single qubit, and with proba-
bility p that qubit is depolarized. That is, it is replaced by the completely mixed state, /2. With probability 1 — p
the qubit is left untouched. The state of the quantum system after this noise is

£ =" +(-p) (8.99)
1 oL
E(p) = 51+ 3 (1~ p)7-3

Figure (8.12) : The top line of the circuit is the input to the depolarizing channel, while the bottom two lines are an
‘environment’ to simulate the channel.

The idea is that the third qubit, initially a mixture of the state |0) with probability 1 — p and state |1) with probability
p acts as a control for whether or not the completely mixed state /2 stored in the second qubit is swapped into the
first qubit.

The form (8.99) is not in the operator-sum representation. For arbitrary p,

I p+XpX+YpY +ZpZ

8.100
5 1 (8.100)
and then substitute for /2 into (8.99) we arrive at the equation
_ 3p P
E(p) = 1_Z p+Z(XpX+YpY+ZpZ), (8.101)

showing that the depolarizing channel has operation elements {\/1 — 3p/4I,./pX/2,./pY/2,/DZ/2}. Note, in-
cidentally, that it is frequently convenient to parameterize the depolarizing channel in different ways, such as

£(p) = (1 —p)p + g(XpX LYY + ZpZ). (8.102)

8.3.5 Amplitude damping

An important application of quantum operations is the description of energy dissipation - effects due to loss of
energy from a quantum system.

¢ The dynamics of an atom which is spontaneously emitting a photon.
+ A spin system at high temperature approach equilibrium with its environment.

« The state of a photon in an interferometer or cavity when it is subject to scattering and attenuation.

— the general behavior of all of them is well characterized by a quantum operation known as amplitude damping.

We have a single optical mode containing the quantum state a|0) + b|1). The scattering of a photon from this mode
can be modeled by thinking of inserting a partially silvered mirror, a beamsplitter, in the path of the photon. This
beamsplitter allows the photon to couple to another single optical mode, according to the unitary transformation
B = exp[f(a’b — ab')]. The output after the beamsplitter, assuming the environment starts out with no photons,
is simply B|0)(a|0) + b|1)) = a|00) + b(cos 8]01) + sin §|10)). Tracing over the environment gives us the quantum
operation

Eap(p) = EopEy + E1pEy, (8.103)
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where Ej, = (k|B|0) are

o= [ 107}

1
0
8 v ] , (8.104)

5= [0

The operation elements for amplitude damping. v = sin? # can be thought of as the probability of losing a photon.

The E; operation changes a |1) stat into a |0) state, corresponding to the physical process of losing a quantum
of energy to the environment. Fj leaves |0) unchanged, but reduces the amplitude of a |1) state; physically, this
happens because a quantum of energy was not lost to the environment, and thus the environment now perceives it
to be more likely that the system is in the |0), rather than the |1) state.

A general characteristic of a quantum operation is the set of state that are left invariant under the operation. (eg. the
phase flip channel : 2 axis invariance) In the case of amplitude damping, only the ground state |0) is left invariant.
That is a natural consequence of our modeling the environment as starting in the |0) state, as if it were at zero
temperature.

What quantum operation describe the effect of dissipation to an environment at finite temperature? Eqap : gener-
alized amplitude damping, is defined for single qubits by the operation elements

By = J;B[(l) ﬁo_v} (8.116)
B = \/5[8 \Oﬁ] (8.117)

By = «/1—p|: 1O_V (1)] (8.118)
By = s/l—p{\% 8} (8.119)

where the stationary state

Poo = [ 5 1Ep ] (8.120)

satisfies Egap = poo. Generalized amplitude damping describes the “I;’ relaxation processes due to coupling of
spins to their surrounding lattice, a large system which is in thermal equilibrium at a temperature often much higher
than the spin temperature.

The effect of amplitude damping in the Bloch representation as the Bloch vector transformation

(Pay Ty, 72) — (Tm\/l — 9,y V1T =7,y + (1 — 7)) . (8.122)

When 1 is replaced with a time-varying function like 1 — e~*/71, as is often the case for real physical processes.

Similarly, generalized amplitude damping performs the trasformation

(P, Ty, 72) — (rz\/l — 7, ry/ 1=, v2p— 1)+ 7. (1 - ’y)) . (8.123)

Amplitude damping and generalized amplitude damping differ only in the location of the fixed point of the flow;
the final state is along the £ axis, at the point (2p — 1, which is a mixed state.

8.3.6 Phase damping

A noise process that is uniquely quantum mechanical, which is describes the loss of quantum information without
loss of energy, is phase damping.
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+ A photon scatters randomly as it travels through a waveguide

+ Electronic states in an atom are perturbed upon interacting with distant electrical charges.

The energy eigenstates of a quantum system do not change as a function of time, but do accumulate a phase which
is not precisely known, partial information about this quantum phase - the relative phases between the energy
eigenstates - is lost.

A very simple model:

Suppose we have a qubit ) = a|0) + b|1) upon which the rotation operation R,(f) is applied, where the angle
of rotation 6 is random. (a phase kick) Let us assume that the phase kick angle 6 is well represented as a random
variable which has a Gaussian distribution with mean 0 and variance 2.

The output state from this process is given by the density matrix obtained from averaging over 6,

1 [ 2
N Y / R.(0)|v) (Y| R.T(0)e™" /4 dg (8.124)
2 * ,—A
- [a*'gl_k “bleQ } (8.125)

The random phase kicking causes the expected value of the off-diagonal elements of the density matrix to decay
exponentially to zero with time. That is a characteristic result of phase damping.

Consider an interaction between two harmonic oscillators with interaction Hamiltonian
H = xa'a(b+b"). (8.126)

Letting U = exp(—iH At), considering only the |0) and |1) states of the a oscillator as our system, and taking the
environment oscillator to initially be |0), we find that tracing over the environment gives the operation elements
Ey = (kp|U|0p), which are

1 0
Ey = [0 \/ﬁ} (8.127)
0 0

where A = 1 — cos?(xA) can be interpreted as the probability that a photon from the system has been scattered
(without loss of energy). As was the case for amplitude damping, F leaves |0) unchanged, but reduces the ampli-
tude of a |1) state; unlike amplitude damping, however, the F; operation destroys |0) and reduces the amplitude of
the |1) state, and does not change it into a |0).

By applying the unitary freedom of quantum operations,

E, = \/a[(l) H (8.129)
E, = \/1—a[(1) _01}, (8.130)

where @ = (1 + +/1 — X)/2. Thus the phase damping quantum operation is exactly the same as the phase flip
channel.

Phase damping is often referred to as a ‘T’ (or ‘spin-spin’) relaxation process, where e t/272 = /T — X,

Historically, phase damping was a process that was almost always thought of as resulting from a random phase kick
or scattering process. It was not until the connection tot the phase flip channel was discovered that quantum error-
correction was developed, since it was thought that phase errors were continuous and couldn’t be described as ad
discrete process.

72



8.4 Applications of quantum operations

The quantum operations formalism has numerous applications

8.4.1 Master equations

Open quantum systems occur in a wide range of disciplines, and many tools other than other than quantum opera-
tions can be employed in their study.

The dynamics of open quantum systems have been studied extensively in the field of quantum optics. The main
objective in this context is to describe the time evolution of an open system with a differential equation which
properly describes non-unitary behavior.

This description is provided by the master equation, which can be written most generally in the Lindblad form as

dp _ 1

L H )+ Y 2501t = {L;Ls, 0}, (8.134)
J

where {z,y} = 2y + yx denotes an anticommutator, H is the system Hamiltonian, a Hermitian operator represent-
ing the coherent part of the dynamics, and L; are the Lindblad operators, representing the coupling of the system
to its environment. —

« The differential equation takes on the above from in order that the process be completely positive.

+ Itis also generally assumed that the system and environment begin in a product state.

+ To derive a master equation for a process, one usually begins with a system-environment model Hamiltonian,
and them makes the Born and Markov approximation in order to determine L;.

+ In the master equation approach, tr [p(¢)] = 1 at all times.

8.4.2 Quantum process tomography

How do quantum operations relate to experimentally measurable quantities?

What measurements should an experimentalist do if they wish to characterize the dynamics of a quantum system?
Classical system — system identification

Quantum open system — quantum process tomography (can be performed for finite dimensional quantum sys-
tems)

Quantum state tomography : the procedure of experimentally determining an unknown quantum state.

A single copy of p: it is impossible to characterize p (no cloning theorem; indistinguishability)
A large number of copies of p : it is possible to estimate p

Quantum process tomography : The experimental procedure which can determine the ensemble of output state
(with d-dimension) using d?-dimensional pure input states. — experimental procedure for understanding and
controlling noisy quantum system.

73



Schrodinger’s cat

When I hear about Schrodinger’s cat, I reach for my gun

Schrodinger’s infamous cat faces life or death contingent upon an automatic device which breaks a vial of
poison and kills the cat if an excited atomic state is observed to decay: Schrodinger asked what happens
when the atom is in a superposition state? Is the cat alive or dead? Why do superposition states such as
this apparently not occur in the everyday world?

[¥) = [|dead)|0) + nlalive)|1)] /V2,
in which the cat’s state has become entangled with that of the atom. The density matrix of this state,

p =[P}

Now, in practice it is impossible to perfectly isolate the cat and the atom in their box, and thus informa-
tion about this superposition state will leak into the external world.

eg) heat from the cat’s body could permeate the wall and give some indication of its state to the out-
side. Such effects may be modeled as phase damping, which exponentially damps out the final two
(off-diagonal) terms in p. To a first approximation, we may model the cat-atom system as a simple har-
monic oscillator. An important result about the decoherence of such a system is that coherence between
states of high energy difference decays faster than between states with a lower energy difference. Thus p
will quickly be transformed into a nearly diagonal state, which represents an ensemble of cat-atom states
which correspond to eigher dead or alive, and are not in a superposition of the two states.

8.4 Limitations of quantum operations formalism

Are there interesting quantum systems whose dynamics are not described by quantum operations?

Suppose a single qubit is prepared in some unknown quantum state, which we denote p. The preparation of this
qubit involves certain procedure to be carried out in the laboratory in which the qubit is prepared.

Suppose
p ® |0)(0] ® other degrees of freedom (8.186)

if p is a state on the bottom half of the Bloch sphere, and
p ® |1)(1] ® other degrees of freedom (8.187)

if p is a state on the top half of the Bloch sphere.

Once the state preparation is done, the system begins to interact with the environment, in this case all the laboratory
degrees of freedom. Suppose the interaction is such that a c-not is performed between the principal system and the
extra qubit in the laboratory system. Thus, if the system’s Bloch vector was initially in the bottom half of the Bloch
sphere it is left invariant by the process, while if it was initially in the top half of the Bloch sphere it is rotated into
the bottom half of the Bloch sphere.

A quantum system which interacts with the degrees of freedom used to prepare that system after the preparation
is complete will in general suffer a dynamics which is not adequately described within the quantum operations
formalism.

It is an interesting problem for further research to study quantum information processing beyond the quantum
operations formalism.
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Chapter 9

Distance measures for quantum information

What does it mean to say that two items of information are similar?
What does it mean to say that information is preserved by some process?
+ static measure : concerned with two broad classes of distance measure

+ dynamic measure : quantify how well information has been preserved during a dynamic process

— trace distance & fidelity

9.1 Distance measures for classical information

The Hamming distance : a way of quantifying the distance between classical codes. Unfortunately, the Humming
distance between two objects is simply a matter of labeling, and a priori there aren’t any labels in the Hilbert space
arena of quantum mechanics.

A much better place to launch the study of distance measures for quantum information is with the comparison of
classical probability distributions.

The relative frequency difference of information sources as probability distributions over some alphabet encourages
us to concentrate on the comparison of probability distributions in our search for measures of distance.

What does it mean to say that tow probability distributions {p, } and {q, } over the same index set, x, are similar
to one another? ( there’s no unique correct answer)The widely used two measures are the trace distance and the
fidelity.

The trace distance is defined by the equation:
1
D(pz,qz) = §§Ipw—qw|- (9.1)

This quantity is sometimes known as the L, distance or Kolmogorov distance.

The trace distance is a metric on probability distributions.
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The second measure of distance between probability distributions, the fidelity of the probability distributions {p, }
and {¢, }, is defined by

F(pe,qz) = Z VDPzqz- (9.2)

The fidelity is a very different way of measuring distance between probability distributions that is the trace distance.
It is not a metric ( F'(ps, pz) = Y, P= = 1) A better geometric understanding of the fidelity is F'(p, q) = \/p-\/q =
coso.

The trace distance and fidelity are mathematically useful means of defining the notion of a distance between two
probability distributions.

Do these measures have physically motivated operational meaning? In the case of trace distance, the answer to this

question is yes.

Z Pz — Z dz
zes zeS
where the maximization is over all subsets S of the index set {z}. The quantity being maximized is the difference
between the probability that the event S occurs, according to the distribution {p, }, and the probability that the
event S occurs, according to the distribution {¢, }. The event S is thus in some sense the optimal event to examine
when trying to distinguish the distance {p, } and {q, }, with the trace distance governing how well it is possible to
make this distribution.

D(ps, qz) = max Ip(S) —q(9)| = max , (9.3)

Unfortunately, a similarly clear interpretation for the fidelity is not known. (open questions?)

It turns out that there are close connections between the fidelity and the trace distance, so properties of one quantity
can often be used to deduce properties of the other.

The trace distance and fidelity are static measures of distance for comparing two fixed probability distributions.
A dynamic measure of distance : measures how well information is preserved by some physical process.

X :ainput
Y : aoutput
(to form a Markov process: X — Y.

This dynamic measure of distance can be understood as a special case of the static trace distance!

1. A copyoftheinput X : X = X

2. X now passes through the noisy channel, leaving as output the random variable Y.

How close is the initial perfectly correlated pair, (X, X), to the final pair, (X, Y)? Using the trace distance as our
measure of ‘closeness’, we obtain with some simple algebra,

DX (YD) = 3D loeplX =) = p(X =Y =) 9.4)
-] ;p(f( —o Y =)+ YK =) p(X =Y =) ©5)
= Y X =a Y =) YK =0 - p(X =Y =4) 8
_ p(”;i:; Y) +21 —pX=Y l (9.7)
_ X AY) ;rp(ff #Y) (9.8)
= p(X #Y). (9.9)
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Thus the probability of an error in the channel is equal to the trace distance between the probability distribution for
(X, X) and (X,Y). This is an important construction, since it will be the basis for analogous quantum construc-
tions. This is necessary because there is no direct quantum analogue of the probability p(X # Y), since there is
no notion in quantum mechanics analogous to the joint probability distribution for variables X and Y that exist at
different times

9.2 How close are two quantum state?

9.2.1 Trace distance
We begin by defining the trace distance between quantum states p and o,
1
D(p,o0) = §tr\p—a\, (9.11)

where as per usual we define |A| = VATA.

IF p and o0 commute, quantum trace distance between p and o is equal to the classical distance between the eigen-
values of p and o.
p=>_rili)il; o> sili)(i]. (9.12)
i i
Thus

D(p,o0) = <—tr (9.13)

— D(r,s1) (9.14)

A good way of getting a feel for the trace distance is to understand it for the special case of a qubit, in the Bloch
sphere representation. Suppose p and o have respective Bloch vectors 7" and 3,

I47-F I+45F

= 9.17
P 5 5 0 5 (9.17)
The trace distance between p and ¢ is easily calculated:
1
D(p,0) = §tr\p—o| (9.18)
1
= Ztr\(r”—é’) - . (9.19)
(7 — §) - & has eigenvalues £|7 — 3], so the trace of |(7 — §) - & is | — 5], and we see that
D(p,o) = ity (9.20)

2

That is, the distance between two single qubit states is equal to one half the ordinary Euclidean distance between
them on the Bloch sphere.

eg) rotations of the Bloch sphere leave the Euclidean distance invariant

D(UpUT, UcU"Y) = D(p, o). (9.21)

The trace distance generalization is
D(p,o) = max tr 2] (P(p—0)), (9.22)
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where the maximization may be taken alternately over all projectors, P, or over all positive operators P < I.

p—0= Q - S»
where () and S are positive operators with orthogonal support. It implies that
‘,0 - O—‘ = Q + Sa
S0 .
D(p,0) = 5 (tx(Q) + tr(S)).
But
tr(Q — S) =tr(p—o) =0,
S0

r(Q) = tx(S)
and therefore
D(p,a) = tx(Q).
Let P be the projector onto the support of (). Then

w(Plo—0) = t(P@Q-—S))
= tr(Q)
= D(p,0).

Conversely, let P be any projector. Then tr [P(p —o0)] = trP(Q — S) < trPQ < tr(Q) = D(p,0).

There

is a closely related way of viewing the quantum trace distance which relates it more closely to the classical trace

distance.

Theorem 9.1. Let {E,,} be a POVM, with p,, = trpE,, and q,, = troE,, as the probabilities of obtaining a

measurement outcome labeled by m. Then

D(p,a) = max D(pm, qWL)7

m

where the maximization is over all POVMs { E,,, }

Proof
Note that

Do) = 5 3 (Bl — o)),

(O DEa) =53 I —al)

We may write

[tr(Em(p — o))l

tr(Em(Q — S))|
tr(Em(Q +95))
tr(Epy,|p — ol)-

INIA

Thus

1
D(pmsam) < 5 > tr(Enlp —ol)

1
= §tr|p—a\( ;Em:])

= D(p,0).
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Conversely, by choosing a measurement whose POVM elements include projetors onto the support for () and S, we
see that there exist measurements which give rise to probability distributions such that D(p,,,, ¢,n) = D(p,0). O

If two density operators are close in trace distance, then any measurement performed on those quantum states will
give rise to probability distributions which are close together in the classical sense of trace distance, giving a second
interpretation of the trace distance between probability distributions arising from measurements performed on
those quantum states.

The trace distance is a metric on the space of density operators.
D(p,0) =0

iff p = 0, and D(.,.) is symmetric:
D(p,0) = D(a, p).
Moreover, the triangle inequality holds,

D(p,7) < D(p,0) + D(o,T). (9.31)

From Equation (9.22) that there exists a project P such that

D(p,7) = t(P(p—7)) (9.32)
= tr(P(p—o0))+tr(Ploc—1)) (9.33)

< D(p,0)+D(p+T). (9.34)

(o aP(p—o0)) <tr(Prolp—0)) ) (9.35)

The most interesting result is that no physical process ever increase the distance between two quantum states.

Theorem 9.2 (Trace-preserving quantum operations are contractive). Suppose & is a trace-preserving quantum op-
eration. Let p and o be density oprators. Then

D(&(p),&(0)) < D(p,0). (9.36)
Proof
We see that
D(p.0) = trlo—ol 9.37)
= LQ -S| (v p-0=Q-S p-o|=Q+S) (938)
1 1
= 5“(@) + 5“(5) (9.39)
= %tr(é’(Q)) + %tr(E(S)) (. trace preserving ) (9.40)
= tr(€(Q)) (tr(p—0o)=tr(Q@—S5)=0) (9.41)
> tr(PE(Q)) (9.42)
= u(PE(Q) - £(9)) (9.43)
= tr(P(E(p) — £(0))) (9.44)
D(&(p),€(9)), (9.45)
which completes the proof. O
eg 1) Gallery

eg 2) If we ‘cover up’ parts of two quantum states then we can show that the distance between those two states is
never increased. If we take quantum state pZ and 0® of a composite system AB then the distance between
p? =trp [pAB] and 04 = trp [O’AB] is never more than the distance between pZ and 045,

D(p*,0*) < D(p*B, o). (9.46)

79



In many applications we want to estimate the trace distance for a mixture of inputs. Such estimates are greatly aided
by the following theorem:

Theorem 9.3 (Strong convexity of the trace distance). Let {p;} and {q;} be probability distributions over the same
index set, and p; and o; be density operators, also with indices from the same index set. Then

D (ZPiPh Z%‘%) < D(pi, ;) + »_piD(pi, 0:), (9:47)

where D(p;, q;) is the classical trace distance between the probability distribution {p;} and {g;}.

Proof
By Equation(9.22) there exists a projector P such that

vaztr(Pm) - Z qitr(Pa;) (9.49)
itr(P —0y)) + Z Otr(Poy) (9.50)
(Z:- £+ tr(Po;))
< D> piD(pioi) + D(pi i) (9.51)
(- tr(P(ps — 03) < tr(Py,—0,(pi sz (pi, )
(> (pi — qi)tr(Poy) = Zs(p ) < maxg; —a)=D(pi,q:)) (9.52)
: ie ic

9.2.2 Fidelity

A second measure of distance between quantum states is the fidelity. The dielity is not a metric on density operators,
but we will see that it does give rise to a useful metric. The fidelity of states p and ¢ is defined to be

F(p,0) = try/p'/20p1/2 (9.53)

egl) When [p,0] =0,

p:Zri|z'><z'\; o= sili)il. (9.54)

i

F(p,o) = tr /Zrisi|1>(1\ (9.55)

= tr (Z mm(u) (9.56)

i

N (9.57)
= F(Ti, Si). (958)

That is, when p and o commute the quantum fidelity F'(p, o) reduces to the classical fidelity F'(r;, s;) between the
eigenvalues distributions r; and s; of p and o.
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eg2) The fidelity between a pure state |1/) and an arbitrary state p. We see that

F(|4), p)

try/ (W plv) [¥) (Y (9.59)
= V({¥lplY). (9.60)

That is, the fidelity is equal to the square root of the overlap between |¢) and p. This is an important result which
we will make use of often.

There’s no clear geometric interpretation for the fidelity between two states of a qubit.

However, the fidelity does satisfy many of the same properties as the trace distance. For example, it is invariant
under unitary transformations:
FUpUT, UcU") = F(p,0). (9.61)

There is also a useful characterization of the fidelity analogous to the characterization (229.22)) for the trace distance.

Theorem 9.4 (Uhlmann’s theorem). Suppose p and o are states of a quantum system Q). Introduce a second quantum
system R which is a copy of Q. Then

F(p,o) = max, |(¥|8)], (9.62)

where the maximization is over all purification 1) of p and |p) of o into RQ).

Lemma 9.5. Let A be any operator, and U unitary. Then
|tr(AU)| < tr[A], (9.63)

with equality being attained by choosing U = VT, where A = |A|V is the polar docomposition of A.

Proof
Equality is clearly attained under the conditins stated. Observe that

tr(AU)| = [tr(JA|VU)| = [tx|A]Y2|A1Y2VU). (9.64)

The Cauchy-Schwarz inequality for the Hilbert-Schmidt inner product gives:

tr(AV)| < \/trl Alr(UTVTAIVD) = ] A], (9.65)

which is completes the proof. Proof

Uhlmann’s theorem

Fix orthonormal bases |ig) and |ig) in systems R and (). Because R and () are of the same dimension, the index
i may be assumed to run over the same set of values. Define |m) = >, |ir)|ig). Let |¢) be any purification of p.
Then the Schmidt decomposition and a moment’s thought should convince you that

¥) = (Ur @ V/pUgq)Im), (9.66)

for some unitary operators Ur, and Ug. Similarly, if |¢) is any purification of o then there exist unitary operators
Vr and V{ such that
¢) = (VR @ VaVg)|m). (9.67)

Then, the inner product is

(@16} = (| (Ur'Va © Ug' VavaVa) m). (9.68)

Using
t1(A'B) = (m|(A @ B)|m),

1)) = ler (Ve UrUa' VoV Vo ) | (9.69)

Setting U = Vj VRTURUQT we see that

[(¥lg)| = [tr(v/pv/oU)|. (9.70)
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By Lemma 9.5,
|(¥]p)| < tr|\/pvo| = try/ pt/20pl/2. (9.71)
To see that equality may be attained, suppose \/p\/o = |\/p\/c|V is the polar decomposition of \/p\/c.

Properties of the fidelity are more easily proved using Uhlmann’s formula in many instances.

eg)Uhlmann’s formula shows that the fidelity is

+ symmetric in its inputs, F'(p, o) = F(o, p)

+ bounded between 0 and 1,0 < F(p,0) < 1.

On the other hand original formula of the fidelity is sometimes useful as a means for understanding properties of
the fidelity. For instance, we see that F'(p, o) = 0 iff p and o have support on orthogonal subspaces. — perfectly
distinguishable. The relation between the quantum fidelity and the classical fidelity.

F(p,o) = IginF(pm7 qm), (9.74)

m

where the minimum is over all POVMs { E,,, }, and p,,, = tr(pEy,), ¢m = tr(o E,y,) are the probability distributions
for p and o corresponding to the POVMs { E,, }. To see that this is true, note that

F(p,o) = tr(y/pvoU) (9.75)
= > (oVENEavoU). (0> Ep=1) (9.76)

The Cauchy-Schwarz inequality and some simple algebra gives

F(p,0) < tr(pEy)tr(cEy,) (9.77)
which establishes that
F(p,0) < F(pm,am)- (9.79)

To see that equality can be obtained in this inequality, we need to find a POVM { E,, } such that the Cauchy-Schwarz
inequality is satisfied with equality for each term in the sum, that is,

\/Eim\/ﬁ = Qum \/@\EU

for some complex number «,,. But

JoVT =/ pRopl/?
VoU = p~ Y2/ pl/2gp1/2, (9.80)

, so for invertible p,

We find the equality conditions are that

VEn(I — amM) =0 (9.81)

(- */Em\/ﬁ = ap, Emp—1/2,/p1/20p1/2
ar/E, M)

5

Three important properties of the trace distance

+ the metric property

+ contractivity
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* strong convexity

Analogous properties all hold for the fidelity.

The fidelity is not a metric; however, there is a simple way of turning the fidelity into a metric. Uhlmann’s theorem
tells us that the fidelity between two states is equal to the maximum inner product between purifications of those
states. We define the angle between states p and o by

A(p, o) = arccos F(p, o). (9.82)
Obviously the angle is non-negative, symmetric in its inputs, and is equal to zero iff p = 0. — a metric.

We prove the triangle inequality using Uhlmann’s theorem and some obvious facts about vectors in three dimen-
sions. Let othercat, [1)), |y) be purifications of o, p, and 7 respectively such that

F(p,0) = (¢l9) (9.83)
Flo,m) = (¢, (9.84)

and (v|~y) is real and positive. (— imagine Schmidt decomposition) It is clear that (image generic pure states on a
sphere)
arccos((Y|v)) < A(p,o0) + A(o, 7). (9.85)

But by Uhlmann’s theorem, F'(p, 7) > (¢|7), so A(p, 7) < arccos({¢|7y)). Combining with the previous inequality
gives the triangle inequality,
A(p,7) < A(p, o) + Ao, 7). (9.86)

Qualitively, the fidelity behaves like an ‘upside-down’ version of the trace distance, decreasing as two states become
more distinguishable, and increasing as they become less distinguishable. Therefore

+ trace distance: contractivity — fidelity: monotonicity
« trace distance: strong concavity — fidelity: strong convexity

Theorem 9.6 (Monotonicity of the fidelity). Suppose £ is a trace-preserving quantum operation. Let p and o be
density operators. Show that
F(&(p),€(a)) = F(p,0) (9.87)

Proof

Let |¢)) and |¢) be purification of p and ¢ into a joint system R(Q) such that F'(p, o) = |(¢|phi)|. Introduce a model
environment F for the quantum operation, £, which starts in a pure state |0), and interacts with the quantum system
@ via a unitary interaction U. Note that U 1) |0) is a purification of £(p), and U|¢)|0) is a purification of (). By
Ulhmann’s theorem it follows that

F(&(p),€(0)) = [wl{(0U'Ug)l0)] (9.88)

= [(@l9)] (9.89)

= F(p’ o')’ (9.90)

establishing the property we set out to prove. O

Theorem 9.7 (Strong concavity of the fidelity). Let p; and q; be probability distributions over the same index set,
and p; and o; density operators also indexed by the same index set. Then

F <Zpipiaz%o'i> > Z\/piQiF(pian)- (9.91)

83



Proof
Let |¢;) and |¢;) be purification of p; and o; chosen such that F(p;,0;) = (1;]¢;). Introduce an ancillary system
which has orthonormal basis states |¢) corresponding to the index set ¢ for the probability distributions. Define

[¥) = Z VPilYli); o) = Z Vil di)li). (9.92)

Note that |1)) is a purification of ) . p; p; and |¢) is a purification of ), ¢;0;,

(cf. trg (J1) () zzipi¢i><¢i|)

= Zl DPipi

so by Uhlmann’s formula,

F (Zpipi, Zqiaz-) > [(¥]¢)| = Z VPG (Vi i) = Z VDiGiF (pi, o). (9.93)

which establishes the result we set out to prove. O

9.2.3 Relationships between distance measures

The trace distance and the fidelity may be considered to be equivalent measures of distance for many applications.

In the case of pure states, the trace distance and the fidelity are completely equivalent to one another. Consider the
trace distance between two pure states |a) and |b). Using Gram-Schmidt procedure we may find orthonormal states
|0) and |1) such that

la) = |0); |b) = cosB|0) + sinf|1).

Note that F'(|a), |b)) = | cos 8. Furthermore,

1 1—cos?20 —cosfsinf
Dlja o)) = 2 rH —cos fsin 6 —sin? @ ” (9.94)
= |sind| (9.95)
= V1—=F(la),[b))% (9.96)
= ( F?4+ D? =1 ¢f PRA501047) (9.97)

This relationship at the level of pure states can be used to deduce a relationship at the level of mixed states. Let p and
o be any two quantum states, and let |1)) and |$) be purifications chosen such that F'(p, o) = [(¢|®)| = F(|¢), |9)).
We see that

D(p,o) < D(|$),]9)) (9.98)
1—F(p,0)2. (9.99)

Thus, if the fidelity between two states is close to one, it follows that the states are also close in trace distance. The
converse is also true. To see this, let { £,,,} be a POVM such that

F(,D, U) = Z VPmAm; (9.100)

where p,, = tr(pEn), ¢m = tr(cE,,) are the probabilities for obtaining outcome m for the states rho and o,
respectively. Observe first that

Y (Vom —vam)® = D pm+ D am —2F(p,0)

m

— 21— F(p,0)).
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However, it is also true that |\/pm — /@m| < |\/Pm + /@m|> SO

Y (Vo= V) = Y Wom — Vamllybm + Vi (9.101)
= D |Pm— ml (9.102)
= 2D(pm, qm) (9.103)
< 2D(p,0). ( -7 (9.23)) (9.104)
Thus
1—F(p,0) < D(p,0). (9.105)

Summarizing, we have
1—F(p,0) < D(p,0) <+/1—F(p,o)2. (9.106)

The implication is that the trace distance and the fidelity are qualitatively equivalent measures of closeness for
quantum states. Indeed, for many purposes it does not matter whether the trace distance or the fidelity is used to
quantify distance, since results about one may be used to deduce equivalent results about the other.

9.3 How well does a quantum channel preserve information?

- for dynamics distance measurements.

[¥) = E(¥) ()

This type of scenario occurs often in quantum computation and quantum information.

eg) we can compute the fidelity between the starting state |¢)) and the ending state £(|1)) (1|). For the case of the
depolarizing channel( page 378, (8.100)), we obtain

P9, E(0)0)) = ¢<w|(p§+<1p>|w><w>|w> ©112)

— 1/1_% (9.113)

This result agrees well with our intuition - the higher the probability p of depolarizing, the lower the fidelity of the
final state with the initial state. (— We could equally well have used the trace distance)

In a real quantum memory or quantum communications channel, we don’t know in advance what the initial state
|1} of the system will be. However, we can quantify the worst-case behavior of the system by minimizing over all
possible initial states,

Froin(€) = min F([9)), E(19), [ (¥])). (9.114)
For the phase damping channel,
E(p)=pp+ (1 —-p)ZpZ, (9.115)
the fidelity is given by
F(g), ()@ = V@I W]+ 1 - p)Z[v) (0] 2)[¥) (9.116)
= Vet (1 -p)(wlZlY)2 (9.117)

The second term is
0< @ZY)? <1 () =[+)—(Z2)=0)

Thus for the phase damping channel the minimum fidelity is

Fuin(&) = /P (9.118)
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You might wonder why we minimized over pure states in the definition of F};,. Might not the quantum system of
interest start in a mixed state p? Fortunately, the joint concavity of the fidelity can be used to show that allowing
mixed states can be used to show that allowing mixed states does not change F},in.

Suppose that p = ), A;|4) (4] is the initial state of the quantum system. Then we have

F(p.E(p) = F(Zm><z'|,2m<|i><z’|>) (9.119)
> Z&F(Ii>,5(li><i\))- (9.120)

It follows that
F(p,£(p)) > (i), £(i) i) (9.121)

for at least one of the states |}, and thus F(p,£(p)) > Fmin

Suppose that as part of a quantum computation we attempt to implement a quantum gate described by the unitary
operator U. (the operation will have inevitably some noise) The correct description of the gate is using a trace-
preserving quantum operation £.A natural measure of how successful our gate has been is the gate fidelity,

1%a5>zq$u%wa&wwwm- (9.122)
eg) A NOT gate on a single qubit, but instead implement the noisy operation
E(p) =1 —p)XpX +pZpZ

. Then the gate fidelity is given by

F(X,&) = ming) v/ @(X(1—p)X[Y)(@IX +pZ|e) (] 2)X)[¢) (9.123)
minypy v/ (1= p) + p(e]Y )2 (9.124)

ﬂ (9.125)

Quantum sources of information and the entanglement fidelity

Quantum sources of information;

+ aensemble : a stream of identical quantum systems being produce by some physical process
+ entanglement : motivated by the idea that a channel which preserves information well is a channel that pre-
serves entanglement
Thus those two sources lead to notions of ensemble average fidelity, and entanglement fidelity.

The ensemble fidelity captures the idea that the source is well-reserved under the action of a noisy channel described
by a trace-preserving quantum operation £, namely

F =Y piF(p;,E(py))’, (9.126)
j

where p; are the respective probabilities for the different possible preparations of the system p;. (0 < F < 1)
F(p;,E(p;j))? — itis not entirely clear what the ‘correct'definitions for notions such as information preservation
are.

The entanglement fidelity is from the discussion of the classical probability of error in Section 9.1. (— there is no
direct quantum analogue of a probability distribution defined at two times.
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A quantum system, (), is prepared in a state p. The state of () is assumed to be entangled in some way with the
external world. This entanglement replaces the (quantum) correlation between X and X in the classical model. We
represent the entanglement by introduction a fictitious system R, such that the joint state of R() is a pure state. It
turns out that all results that we prove do not depend in any way on how this purification is performed, so we may
as well suppose that this is an arbitrary entanglement with the outside world. The system () is then subjected to a
dynamics described by a quantum operation, &.

The entanglement fidelity F'(p, £) is

F(p,€) = F(RQ,RQ)* (9.127)
(RQ[[(Zr ® E)(|RQ)(RQ]]IRQ), (9.128)

where the use of a prime indicates the state of a system after the quantum operation has been applied, and the
absence of a prime indicates the state of a system before the quantum operation has been applied. The use of the
square of the static fidelity is purely a convenience. The entanglement fidelity depends only upon p and £. To see
this, use |R2Q2) = U|R1Q1). Thus

F(|R2Q2), p™2%2) = F(IR1Q1), p™@). (9.129)

The entanglement fidelity provides a measure of how well the entanglement between R and () is preserved by the
process £.

Suppose E; is a set of operation elements for a quantum operation £. Then

F(p,€) = (RQI™|RQ) = ) [(RQIERQ)I*. (9.130)

i

Suppose we write |RQ) = ¥, y/P517)\), where p = ¥, p; 1) {j Then

(RQIEIRQ) = > /pipk(ilk)(j|Eilk) (9.131)
gk
= > pi(lEl)) (9.132)
J
= tr(Ep). (9.133)
Thus
F(p,&) = [tr(pE;)|. (9.134)

K2

eg) The entanglement fidelity for the phase damping channel (phase flip)
E(p) =0 =pp+(1-p)ZpZ

is given by
F(p,&) = (1= p)|tr(p)* + pltr(p2Z)[* = (1 = p) + ptr(pZ2)?, (9.135)

so we see that as p increases, the entanglement fidelity decreases.

These two entanglements, that is, ensemble fidelity and entanglement fidelity are closely related. The entanglement
fidelity is a lower bound on the square of the static fidelity between the input and output to the process,

F(p,&) < [f(p, (). (9.136)

Intuitively, this result states that it is harder to preserve a state plus entanglement with the outside world than it is
to merely preserve the state alone.

The second property of entanglement fidelity we need to relate it to the ensemble average definition is that it is a
convex function of p. Define f(z) = F(xp; + (1 — z)p2, ), and using (9.135)

f(x) = Z ltr((p1 — p2) Ei)|?, (9.137)
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so that f”(z) > 0.

Combing these two results we see that

FY pirp€) < Y piF(p;,€) (9.138)
j j
< > piF(piE(py)?, (9.139)
j
and thus
F|Y pipj, €| <F. (9.140)
J

Thus, any quantum channel £ which does a good job of preserving the entanglement between a source described
by a density operator p and a reference system will automatically do a good job of preserving an ensemble source
described by probabilities p; and stats p; such that p = > . p;p;. — a quantum source based on entanglement
fidelity is a more stringent notion than the ensemble definition, and for this reason the entanglement fidelity based
definition in our study of quantum information theory

Properties of the entanglement fidelity

1. 0< F(p,€) < 1.
2. The entanglement fidelity is linear in the quantum operation input (£ = (¢|p|¢))

3. For pure state inputs, the entanglement fidelity is equal to the static fidelity squared between input and output
F(lv),€) = F(|¢),E(1u)(w)))*. (9.141)

4. F(p,&) = 1iff for all pure states |¢) in the support of p,
E(IWI) = [}l (9.142)

5. Suppose that ()|E(|¢) (|)|¢)) > 1 —n for all |) in the support of p, for some 7. Then F(p, &) > 1 — (3n/2).
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