
4.2 Single qubit operations

A single qubit is a vector |ψ〉 = a|0〉+ b|1〉 parameterized by two complex numbers satisfying |a|2 + |b|2 = 1.
Operations on a qubit must preserve this norm, and thus are described by 2× 2 unitary matrices. Of these,
some of the most important are the Pauli matrices;

X ≡
[

0 1
1 0

]

;Y ≡
[

0 −i
i 0

]

;Z ≡
[

1 0
0 −1

]

.

Three other quantum gates will play a large part in what follows, the Hadamard gate(H), phase gate (S),
and π/8 gate (T ):

H ≡ 1√
2

[

1 1
1 −1

]

;S ≡
[

1 0
0 i

]

;T ≡
[

1 0
0 exp(iπ/4)

]

.

A couple of useful algebraic facts to keep in mind are that H = (X + Z)/
√

2 and S = T 2. The reason that
T gate is called the π/8 gate is for unimportant global phase T is equal to a gate which has exp(∓iπ/8)
apearing on its diagonals.

A single qubit in the state a|0〉 + b|1〉 can be visualized as a point (θ, φ) on the unit sphere, where
a = cos(θ/2), b = eiφ sin(θ/2), and a can be taken to be real because the overall phase of the state is
unobservable. This is called Bloch sphere representation, and the vector (cosφ sin θ, sinφ sin θ, cos θ) is called
the Bloch vector.

The Pauli matrices give rise to three useful classes of unitary matrices when they are exponentiated, the
rotation operators about the x̂, ŷ, and ẑ axes, defined by the equations:

Rx(θ) ≡ e−iθX/2 = cos
θ

2
I − i sin

θ

2
X =

[

cos θ
2

−i sin θ
2

−i sin θ
2

cos θ
2

]

Ry(θ) ≡ e−iθY/2 = cos
θ

2
I − i sin

θ

2
Y =

[

cos θ
2

− sin θ
2

sin θ
2

cos θ
2

]

Rz(θ) ≡ e−iθZ/2 = cos
θ

2
I − i sin

θ

2
Z =

[

e−iθ/2 0

0 eiθ/2

]

If n̂ = (nx, ny, nz) is a real unit vector in three dimensions then we generalize the previous definitions by
defining a rotation by θ about the n̂ axis by the equation

Rn̂ ≡ exp(−iθn̂ · ~σ/2) = cos

(

θ

2

)

I − i sin

(

θ

2

)

(nxX + nyY + nzZ),

An arbitrary unitary operator on a single qubit can be written in may ways as a combination of rotations,
together with global phase shifts on the qubit.

Theorem 4.1 : (Z-Y decomposition for a single qubit) Suppose U is a unitary operation on a single
qubit. Then there exist real numbers α, β, γ and δ such that

U = eiαRz(β)Ry(γ)Rz(δ).
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Corollary 4.2: Suppose U is a unitary gate on a single qubit. Then there exist unitary operators A, B,
C on a single qubit such that ABC = I and U = eiαAXBXC, where α is some overall phase factor.

Proof

In the notation of Theorem 4.1, setA ≡ Rz(β)Ry(γ/2), B ≡ Ry(−γ/2)Rz(−(δ+β)/2) and C ≡ Rz((δ−β)/2).
Note that

ABC = Rz(β)Ry

(γ

2

)

Ry

(

−γ
2

)

Rz

(

−δ + β

2

)

Rz

(

δ − β

2

)

= I.

Since X2 = I, XYX = −Y , and XRy(θ)X = Ry(−θ), we see that

XBX = XRy

(

−γ
2

)

XXRz

(

−δ + β

2

)

X = Ry

(γ

2

)

Rz

(

δ + β

2

)

.

Thus

AXBXC = Rz(β)Ry

(γ

2

)

Ry

(γ

2

)

Rz

(

δ + β

2

)

Rz

(

δ − β

2

)

= Rz(β)Ry(γ)Rz(δ).

Thus U = eiαAXBXC and ABC = I, as required. �
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